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ABSTRACT

In this paperwe formulatethe problemof finding the optimal pre-
coding/multiplexing strategy in an infrastructurelessmultiusersce-
nario as a noncooperative game. We first considerthe theoretical
problemof maximizingmutualinformationon eachlink, given con-
straintsonthespectralmaskandtransmitpower. Then,to accommo-
datepracticalimplementationaspects,we focuson the competitive
maximizationof thetransmissionrateoneachlink, usingfiniteorder
constellations,underthesameconstraintsasabove plusa constraint
ontheaverageerrorprobability. Weprovethatin bothcasesaNE al-
waysexistsandtheoptimalprecoding/multiplexing strategy leadsto
a (purestrategy) diagonaltransmissionfor all the users.Thanksto
this result,we canreduceboth original complicatedmatrix-valued
gamesto a simpler unified vector power control game. Thus, we
derive sufficient conditionsfor the uniquenessof the NE of such
a game,that areproved to have a broadervalidity thanconditions
known in the literaturefor specialcasesof our game. Finally, we
show thattheNashequilibriaof thevectorgamecanbereachedus-
ing theso-calledasynchronousiterativewaterfilling algorithm.

1. INTR ODUCTION AND MOTIVATION

In this paper, we addressthe problemof finding the optimal pre-
coding/multiplexing strategy for a multiusersystemcomposedof a
setof Q noncooperative widebandlinks, sharingthe samephysical
resources,e.g.,timeandbandwidth.No multiplexing strategy is im-
poseda priori so that, in principle, eachuserinterfereswith each
other. We considerblock transmissions,asa generalframework en-
compassingmostcurrentschemeslike, e.g.,CDMA or OFDM sys-
tems(it isalsoacapacity-losslessstrategy for sufficientlylargeblock
length).Thus,eachsourcetransmitsa codedvector

x q = F qsq, (1)
wheresq is theN ! 1 informationsymbolvectorandFq is theN ! N
precodingmatrix. Denotingwith H rq the channelmatrix between
sourcer anddestinationq, thesampledbasebandblock received by
theq-th destinationis (droppingtheblock index)

y q = H qqx q +
QX

r!= q= 1

H rqx r + w q, (2)

wherew q is a zero-meancircularly symmetriccomplex Gaussian
white noisevector with covariancematrix ! 2

qI . The secondterm
on theright-handsideof (2) representstheMulti-User Interference
(MUI) received by theq-th destinationandcausedby theotheractive
links. TreatingMUI asadditive noise,the estimatedsymbolvector
at theq-th receiver is

bsq = D
h
G H

q y q

i
, (3)

whereG H
q is theN ! N receive matrix (linearequalizer)andD [á]

denotesthedecisionoperatorthatdecideswhich symbolvectorhas
beentransmitted.

The systemmodel above is sufficiently generalto incorporate
many casesof practicalinterest,suchas: i) Digital subscriberlines,
wherethematrices(F q)Q

q= 1 incorporateDFT precodingandpower
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allocation,whereastheMUI is mainlycausedby near-endcrosstalk;
ii) Cellularradio,wherethematrices(F q)Q

q= 1 containtheusercodes
within a givencell, whereastheMUI is essentiallyintercellinterfer-
ence;iii) Ad hoc wirelessnetworks, wherethereis no centralunit
assigningthe coding/multiplexing strategy to the users.Moreover,
system(2) is particularly appropriatefor cognitive radio systems,
whereeachuseris allowedto re-useportionsof thealreadyassigned
spectrumin an adaptive way, dependingon the interferencegener-
atedby otherusers.

Within this setup,thesystemdesignconsistson findingtheop-
timal matrix set(F q, G q)Q

q= 1 accordingto someperformancemea-
sureand optimality criterion. Aiming at finding decentralizedso-
lutions with no coordinationamongthe users,we adopt,as opti-
mality criterion, the achievementof a NashEquilibrium (NE) [1],
andwefocuson thefollowing two strategic noncooperative (matrix-
value)games:G1) competitive maximizationof mutualinformation
on eachlink, given constraintson transmitpower andspectralradi-
ation mask;andG2) competitive maximizationof the transmission
rateon eachlink, usingfinite orderconstellations,underthe same
constraintsasabove plus a constrainton the average(uncoded)er-
ror probability. The spectralmaskconstraintsareuseful to impose
radiationlimits over licensedbands,whereit is possibleto transmit
but only with a spectraldensitybelow a specified value. GameG2

is motivatedby thepracticalneedof usingdiscreteconstellations,as
opposedto Gaussiandistributedsymbols.

Becauseof theinherentlycompetitivenatureof amulti-usersys-
tem, it is not surprisingthat gametheoryhasbeenalreadyadopted
to solve many problemsin communications.A vectorpower con-
trol gamewas proposedin [2] to maximize the information rates
(underconstraintson thetransmitpower)of two usersin aDSL sys-
tem,modelledasa frequency-selective Gaussianinterferencechan-
nel. The problemwas extendedto an arbitrarynumberof usersin
[3]-[5]. Vectorpower controlproblemin flat-fadingGaussianinter-
ferencechannelswas addressedin [6].

Theoriginal contributionsof this paperwith respectto thecur-
rent literatureon vectorgames[2]-[6] arelisted next. We consider
two alternative matrix-valuedgames,whereasin [2]-[4], [6] theau-
thorsstudieda vector power control gamewhich can be obtained
from G1 asspecialcase,whenthediagonaltransmissionis imposed
apriori andnospectralmaskconstraintsareconsidered.Conversely,
we do not assumeany a priori diagonalizingschemeandour study
of gameG2 is totally new. Our first contribution is to show that
the solution set of both gamesis always nonemptyand contains
only deterministicstrategies. More important, we prove that the
diagonaltransmissionfrom eachuser through the channeleigen-
modes(i.e., thefrequency bins) is optimal,irrespective of thechan-
nel state,power budget,spectralmaskconstraints,andinterference
levels. This resultyields a strongsimplificationof the original op-
timization,asit convertsbothcomplicatedmatrix-valuedgamesG1

andG2 into a simplerunified vector power control game,with no
performancepenalty. Interestingly, sucha simplervectorgamein-
cludes,asspecialcases,thegamesstudiedin [2]-[4], [6]. Thesecond
importantcontributionof thepaperis to providesufficientconditions
for theuniquenessof theNE of our vectorpower controlgamethat
have broadervalidity thanthosegiven in [2]-[4], [6] (without mask
constraints)and,morerecently, in [5] (includingmaskconstraints).



Finally, we show that the NEs of the vectorgamecanbe obtained
in a totally asynchronousway (in the senseof [9]) usingthe asyn-
chronousIterative Waterfilling Algorithm (IWFA) that we recently
proposedto solvetheratemaximizationgamein frequency-selective
interferencechannels[10].

2. SYSTEM MODEL AND PROBLEM FORMULA TION

Given the I/O systemin (2), we make the following assumptions:
A.1) Aiming at finding distributed algorithms,we focus on trans-
missiontechniqueswhereneitherusercoordinationnor interference
cancelationis allowed, so that MUI is treatedas additive colored
noise;A.2) Eachchannelis modeledasan FIR filter of maximum
orderL h andit is assumedto changesufficiently slowly to becon-
sideredfixed duringthewholetransmission;A.3) To facilitatesym-
bol recovery, a cyclic prefix of lengthL " Lh is incorporatedon
eachtransmittedblock xq in (1), so that eachmatrix H rq in (2)
resultingafter having discardedthe guard interval at the receiver,
is a Toeplitz circulant matrix. Thus H rq = W D rqW H , with
W # CN" N denotingthe normalizedIFFT matrix, i.e., [W ]ij !
ej2π( i# 1) (j# 1)/N /

$
N for i , j = 1, . . . , N andD rq is a N ! N

diagonalmatrix,where[D rq]kk ! øH rq(k)/
p

dγ
rq is thefrequency-

responseof thechannelbetweensourcer anddestinationq including
the path-lossdγ

rq with exponent" andnormalizedfading øH rq(k),
with drq denotingthedistancebetweenthetransmitterr andthere-
ceiver q; A.4) The channelfrom eachsourceto its own destination
is known to the intendedreceiver, but not to the other terminals;
eachreceiver is alsoassumedto getanerror-freeestimateof theco-
variancematrix of the whole disturbancecomingfrom otherusers.
Basedon this information, eachdestinationcomputesthe optimal
precodingmatrix for its own link andtransmitsit backto its trans-
mitter througha low (error-free)bit ratefeedbackchannel.

Thephysicalconstraintsrequiredby theapplicationsare:
Co.1Maximumtransmitpower for eachtransmitter, i.e.,

E
˘

%x q%2
2

¯
=

1
N

Tr
“

F qF H
q

”
& Pq , (4)

wherePq is power in unitsof energy pertransmittedsymbol,andthe
symbolsareassumedto be,w.l.o.g.,zero-meanunit energy uncorre-
latedsymbols,i.e.,E

˘
sq(n)sH

q (n)
¯

= I .
Co.2Spectralmaskconstraint,i.e., ' k # { 1, . . . , N }

E
˛̨

˛[W HF qsq]k
˛̨
˛
2
ff

=
h
W HF qF H

q W
i

kk
& pm ax

q (k), (5)

wherepm ax
q (k) representsthemaximumpower thatis allowedto be

allocatedon thek-th frequency bin from theq-th user.1 Constraints
in (5) areimposedby radiospectrumregulationsandattemptto limit
theamountsof interferencegeneratedby eachtransmitterover some
specifiedfrequency bands.
Co.3Maximumtolerable(uncoded)symbolerrorrate(SER)oneach
link, i.e.,

Pe,q(k) ! Prob{ ösq(k) (= sq(k)} & P #
e,q , ' k # { 1, . . . , N } ,

(6)whereösq(k) is thek-th entryof ösq given in (3).

2.1. Competitive maximization of mutual information

In thissectionwefocuson thefundamental(theoretic)limits of sys-
tem(2), underA.1-A.4, andconsiderthecompetitive maximization
of informationrateof eachlink, given constraintsCo.1, Co.2. It is
straightforwardto seethata (pureor mixedstrategy) NE is obtained
if eachusertransmitsusingGaussiansignaling,with a properpre-
codingF q. Hence,given A.4, the mutual information for the q-th
useris

Iq(F q, F # q) =
1
N

log
“˛̨

˛I + F H
q H H

qqR # 1
# qH qqF q

˛̨
˛
”

(7)

1Observe that if (1/ N )
X

k
pmax

q (k) ! Pq , we obtain the trivial solution

[W H F q F H
q W ]k k = pmax

q (k), " k .

whereR # q ! ! 2
q I +

P
r!= q H rqF rF H

r H H
rq is theinterferenceplus

noisecovariancematrix,observedby userq, andF# q ! (F r)Q
r!= q= 1

is thesetof all theprecodingmatrices,excepttheq-th one.Observe
that,for eachlink, we canalwaysconsiderthatthereceiver is com-
posedof anMMSE stageplussomeotherstage,sincetheMMSE is
capacity-lossless.Thus,w.l.o.g.,we assumein thefollowing that

G q = R # 1
# qH qqF q(I + F H

q H H
qqR # 1

# qH F q)# 1, ' q # { 1, . . . , Q} .
(8)

Hence,the strategy of eachplayer amountsto finding the op-
timal precodingF q that maximizesIq(F q, F # q) in (7), undercon-
straintsCo.1 andCo.2. Statedin mathematicalterms,we have the
following strategic noncooperative game

(G1) :
maximize

F q
Iq(F q, F # q)

subject to F q # F q,
' q # ! , (9)

where! ! { 1, . . . , Q} is thesetof players(i.e., the links), Iq(F q,
F # q) is thepayoff functionof playerq, given in (7), andF q is the
setof admissiblestrategiesof playerq, definedas

F q !
˘

F q # CN" N : (1/ N )Tr(F qF H
q ) & Pq,

[W HF qF H
q W

˜
kk

& pm ax
q (k), ' k = 1, ááá, N } .

(10)

Thesolutionsto (9) arethewell-known NashEquilibria[1]. Ob-
serve that,for thepayoff functionsdefinedin (7), we canlimit our-
selvesto adoptpurestrategiesw.l.o.g.,aswe did in (9), sinceevery
NE of thegameis proved to be achievableusingpurestrategies[7].

2.2. Competitive maximization of transmissionrates

Theoptimality criterion chosenin the previous sectionrequiresthe
useof an ideal Gaussiancodebookwith a propercovariancema-
trix. In practice,Gaussiancodesaresubstitutedwith simple (sub-
optimal)finite ordersignalconstellations,suchasQuadratureAm-
plitudeModulation(QAM) or PulseAmplitudeModulation(PAM),
andpractical(yet suboptimal)codingschemes.Hence,in this sec-
tion, we focuson themorepracticalcasewheretheinformationbits
aremappedontoconstellationsof finite size,andconsidertheopti-
mizationof thetransceivers(F q, G q)q$ ! , in orderto maximizethe
transmissionrateon eachlink, underconstraintsCo.1Ö Co.3.

Given the signal model in (2), wherenow eachvector sq !
(sq(k))N

k= 1 is drawn from a set of finite-constellations(Ck,q)N
k= 1

, i.e., sq(k) # Ck,q, the transmissionrateof eachlink is trivially
defined as the numberof transmittedbits per symbol, i.e., rq =PN

k= 1 log2(|Ck,q|), where|Ck,q| denotesthe sizeof the constella-
tion Ck,q. In [7], we proved that,undertheGaussianassumptionon
MUI, theoptimallinearreceiver G q for eachuserq, giventhesetof
precodingmatrices(Fq)q$ ! andthe constellations(Ck,q)N

k= 1,q$ ! ,
is thewell-known Wienerfilter, definedin (8). UsingsuchaG q , and
assumingcontinuousbit distributionobtainedby thegapapproxima-
tion [11, 12], the optimal setof precodingmatrices{ Fq} becomes
thesolutionof thefollowing strategic noncooperative game[7]:

(G2) :
maximize

F q
rq(F q, F # q)

subject to F q # F q ,
' q # ! , (11)

whereF q is given in (10) andthetransmissionraterq(F q, F # q) is
definedas

rq(F q, F # q) =
1
N

NX

k= 1

log2

„
1+

SINRk,q(F q, F # q)
" q

«
, (12)

with " q " 1 denotingthegap(which dependsonly on theconstel-
lationsandon P#

e,q [11, 12]) and

SINRk,q(F q, F # q) =
1ˆ

(I + F H
q H H

qqR # 1
# qH qqF q)# 1

˜
kk

) 1. (13)

As in (9), in thefollowing we focuson purestrategiesonly.



3. OPTIMALITY OF DIAGONAL TRANSMISSION

Thefollowing Theoremprovidestheoptimalstructureof precoding
matrices(F q)q$ ! for bothgamesG1 andG2 [7].

Theorem1 Anoptimalsolutionto thematrix-valuedgamesG1 and
G2 is

F q = W
p

diag(pq), ' q # ! , (14)

where p ! (pq)q$ ! , with pq ! (pq(k))N
k= 1, is solution to the

vector-valuedgameG, deÞnedas

(G) :
maximize

p q
Rq(pq, p# q)

subject to pq # P q

, ' q # ! , (15)

where Rq(pq, p# q) and P q are the payoff functionand the setof
admissiblestrategiesof userq, respectively, deÞnedas

Rq(pq , p# q) =
1
N

NX

k= 1

log
„

1 +
1

" q
sinrq(k)

«
, (16)

and

P q !
(

pq# RN :
1
N

NX

k= 1

pq(k) & 1, 0 & pq(k) & pm ax
q (k), ' k

)
,

(17)
with pm ax

q (k) ! pm ax
q (k)/ Pq ,

sinrq(k) ! |H qq(k)|2 pq(k)

1 +
P

r!= q |H rq(k)|2 pr(k)
, (18)

where H rq(k) ! øH rq(k)
q

Pr/
`
! 2

q dγ
rq

´
, and " q = 1 if G1 is

considered.

Accordingto Theorem1, a NE of bothgamesG1 andG2 is reached
using, for eachuser, a diagonaltransmissionstrategy throughthe
channeleigenmodes(i.e., the frequency bins), irrespective of the
channelrealizations,power budget,spectralmaskconstraintsand
MUI. This resultsimplifiesthe original matrix-valuedoptimization
problems(9) and(11),asthenumberof unknowns for eachuserre-
ducesfrom N 2 (theoriginal matrix F q) to N [the power allocation
vectorpq = (pq(k))N

k= 1], with no performanceloss. It is straight-
forward to seethat a NE of both matrix-valuedgamesexists if the
solutionsetof G is nonempty. Moreover, theNashequilibriaof G,
if they exist, mustsatisfythewaterfilling solutionfor each user, i.e.,
thefollowing systemof nonlinearequations:' q # ! ,

p#
q = WFq

`
p#

1 , . . . , p#
q# 1 , p#

q+ 1, . . . , p#
Q

´
= WFq(p#

# q), (19)

with thewaterfilling operatorWFq (á) definedas:

[WFq (p# q)]k !
"

µq ) " q

1 +
P

r!= q |H rq(k)|2 pr(k)

|H qq(k)|2

#pmax
q (k)

0
(20)

with k # { 1, . . . , N } . In (20),[x]ba denotestheEuclideanprojection
of x onto the interval [a, b]. Thewater-level µq is chosento satisfy
thepower constraint(1/ N )

PN
k= 1 p#

q(k) = 1.
The full characterizationof the gameG in termsof conditions

for the existenceand uniquenessof a NE [solution to (19)] along
with distributedalgorithmsableto converge to theseequilibria are
given in theforthcomingsections.

4. EXISTENCE AND UNIQUENESSOF THE NE

Beforeproviding conditionsfor the uniquenessof the NE of game
G, we introducethefollowing intermediatedefinitions.Let Dm i n

q *
{ 1, ááá, N } denotethe set { 1, . . . , N } deprived of the carrier in-
dicesthat userq would never useas the bestresponseset to any

strategiesadoptedby the otherusers,for the given setof transmit
power andpropagationchannels[7]:

Dm i n
q !

˘
k # { 1, . . . , N } : [WFq (p# q)]k (= 0 for somep# q # P # q

¯
,

(21)
with WFq (á) defined in (20) and P # q ! P 1 ! ááá! P q# 1 !
P q+ 1 ! ááá! P Q. In [7], we suggestedan iterative procedureto
obtain a set Dq suchthat Dm i n

q * Dq * { 1, ááá, N } . We also
introducethematrixS(k) # RQ" Q, definedas

[S(k)]qr!

8
<

:
" q

| øH rq(k)|2

| øH qq(k)|2
dα

qq

dα
rq

Pr

Pq
, if k # Dq + Dr andr (= q,

0, otherwise,
(22)

whereeachsetDq canbechosenasany subsetof { 1, ááá, N } such
that Dm i n

q * Dq * { 1, ááá, N } , with Dm i n
q definedin (21). The

studyof gameG is addressedin thefollowing.

Theorem 2 ([7]) GameG admitsa nonemptysolutionset for any
givensetof channels,spectral maskconstraintsandtransmitpower
of theusers. Furthermore, theNE is uniqueif

# (S(k)) < 1, ' k # { 1, . . . , N } , (C1)

where S(k) is deÞnedin (22) and# (S(k)) denotesthespectral ra-
diusof S(k).
We provide now alternative sufficientconditionsfor Theorem2. To
thisend,wefirst introducethematrix Sm ax # RQ" Q, definedas

[Sm ax ]qr !

8
<

:
" q max

k$ D q %D r

| øH rq(k)|2

| øH qq(k)|2
dα

qq

dα
rq

Pr

Pq
, if r (= q,

0, otherwise,
(23)

with theconventionthatthemaximumin (23) is zeroif Dq + Dr is
empty. Then,we have thefollowing corollaryof Theorem2 [7].

Corollary 1 A sufÞcientconditionfor (C1) is:

# (Sm ax ) < 1, (C2)

where Sm ax is deÞnedin (23).

Remark 1- Physical interpretation of uniquenessconditions: As
expected,theuniquenessof NE is ensuredif thelinks aresufficiently
far apartfrom eachother. In fact,from (C1),(C2),onecanshow that
thereexistsaminimumdistancebeyondwhichtheuniquenessof NE
is guaranteed,correspondingto the maximumlevel of interference
that may be toleratedby the users(seealso [7] for more intuitive
but strongersufficient conditions). This resultagreeswith the fact
that, as the MUI becomesnegligible, the ratesRq in (16) become
decoupledandthentherate-maximizationproblemin (15) for each
useradmitsa uniquesolution.But, themostinterestingresultcom-
ing from conditions(C1), (C2) is that the uniquenessof the equi-
librium is robustagainsttheworstnormalizedchannels|Hrq(k)|2 /
|H qq(k)|2 ; in fact,thesubchannelscorrespondingto thehighestra-
tios |H rq(k)|2 / |H qq(k)|2 (and,in particular, thesubchannelswhere
|H qq(k)|2 is vanishing)do not necessarilyaffect theuniqueness,as
their carrier indicesmay not belongto the setDm i n

q . This desired
propertyis alsoconfirmedby thenumericalexampleshown in Fig.
1,wherewetestedtherangeof validity of uniquenesscondition(C1)
over a setof channelimpulseresponsesgeneratedasvectorscom-
posedof i.i.d. complex Gaussianrandomvariableswith zeromean
andunit variance.More specifically, in thefigurewe plot theproba-
bility thatconditions(C1)is satisfiedversustheratiodrq/ dqq (which
measureshow far apartthelinks arefrom eachother),for a network
composedof Q = 15 active links. We testedour conditionscon-
sideringthe setDq obtainedusing the algorithmgiven in [7]. We
cansee,from Fig. 1, that the probability that the NE is uniquein-
creasesasthe links becomemoreandmoreseparatedof eachother
(i.e., the ratio drq/ dqq increases).Furthermore,we canverify that
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Fig. 1. Probabilityof (C1), (C3) and(C5) versusdr q /d qq ; Q = 15, ! = 2.5,
Γq = 1, dr q /d qq = dqr /d r r , " r , q # Ω, N = 64.

condition (C1) exhibits a neat thresholdbehavior since it transits
very rapidly from the non-uniquenessguaranteeto the almostcer-
tainuniqueness,astheinter-userdistanceratiodrq/ dqq increasesby
a small percentage.This shows that the uniquenesscondition(C1)
depends,fundamentally, on the interlink distanceratherthanon the
channelrealization.
Remark 2 - Comparison with previous conditions: Theorem2
unifiesand generalizesmany existenceanduniquenessresultsob-
tainedin the literature[2]-[6] for specialcasesof gameG in (15).
Specifically, in [2]-[4] a gameas in (15) is studied,whereall the
playersareassumedto have thesamepower budgetandno spectral
maskconstraintsareconsidered[i.e., pm ax

q (k) = + , , ' k, q]. Un-
derthis assumptions,theauthorsproved thattheNE of sucha game
existsandis uniqueprovidedthatthefollowing conditionis satisfied
[2, 3]: ' r , q (= r # ! ,

" q max
k$ { 1,...,N}


| øH rq(k)|2

| øH qq(k)|2

ff
dα

qq

dα
rq

Pr

Pq
<

1
Q ) 1

. (C3)

In the specialcaseof flat-fading channels(i.e., øH rq(k) = øH rq,
' r , q), the authorsin [6] proved that the NE of the gamein [2, 3]
is uniqueunderthefollowing condition

" q

QX

r= 1,r!= q

| øH rq|2

| øH qq|2
dα

qq

dα
rq

Pr

Pq
< 1, ' q # ! . (C4)

It is straightforwardto seethatour condition(C1) hasa broaderva-
lidity thanboth(C3)and(C4) [7, Corollary3], derived understrong
constraints,incorporating,e.g., spectralmasks. Recently, alterna-
tive sufficient conditionsfor the uniquenessof the NE of gameG
weregiven in [5]. Amongall, aneasyconditionto becheckedis the
following:

I + H (k) is positive definite for all k # { 1, . . . , N } , (C5)
whereH (k) is definedasin (22),with eachDq = { 1, . . . , N } .

In Fig. 1, we compareour condition(C1) with (C3) and(C5).
We cancheckthat (C1) hasa muchhigherprobabilityof beingsat-
isfied than (C3) and (C5). As an example, for a probability 0.99
of guaranteeingthe uniquenessof the NE, condition (C1) requires
drq/ dqq - 4 whereasconditions(C3) and(C5) requiredrq/ dqq >
50 and drq/ dqq - 50, respectively. Furthermore,this difference
increasesasthenumberQ of links increases[7].

5. ASYNCHRONOUSIWFA

The NE points of the gameG in (15) can be computedusing the
asynchronousIWFA, proposedin [10]. Thealgorithmis aninstance
of the totally asynchronousschemeof [9]: all the usersmaximize
their own rate(16) in a totally asynchronousway via thesingleuser
waterfilling solution (20). According to this asynchronousproce-
dure,someusersareallowedto updatetheirstrategy morefrequently
thantheothers,andthey mightperformtheseupdatesusingoutdated
information on the interferencecausedfrom the others. Interest-
ingly, whatever the asynchronousmechanismis, sucha procedure

convergesto a stableNE of the gameG, underthe following mild
conditionson themultiuserinterference[10].
Theorem 3 Assumethat condition(C2) of Corollary 1 is satisÞed.
Then,the asynchronousIWFA of [10] asymptoticallyconverges to
the uniqueNE of gameG, for any setof initial feasibleconditions
andupdatingschedule.

Remark 3: Distrib uted nature and robustnessof AIWFA. Since
theasynchronousIWFA isbasedon thewaterfilling solutionin (20),
it canbeimplementedin a distributedway, sinceeachuser, to max-
imize its own rate, only needsto locally measurethe PSD of the
interference-plus-noise(see(18)) andwaterfill over this level. More
interestingly, all thealgorithmsresultingasspecialcasesof theasyn-
chronousIWFA, suchasfor examplethesequentialIWFA [2, 3, 8]
or the simultaneousIWFA [8], areguaranteedto reachthe unique
NE of the gameG, underthe samesetof convergenceconditions
(cf. Theorem3). By direct productof this generalizedframework,
oneinfer that theconvergencefor thesetwo algorithmsis robust to
situationswheresomeusersmay fail to follow thesequentialor si-
multaneousschedulingof updates.What is affectedin this caseis
only theconvergencetime.

6. CONCLUSIONS
In thispaper, wehave formulatedtheproblemof findingtheoptimal
structureof linear transceivers in a multipoint-to-multipointwide-
bandnetwork, asa strategic non-cooperative game.Wefirst consid-
eredthe theoreticalproblemof maximizingmutual informationon
eachlink, given constraintson thespectralmaskandtransmitpower.
Then,we focusedon thecompetitive maximizationof thetransmis-
sion rate on eachlink, usingfinite order constellations,under the
sameconstraintsasaboveplusaconstraintontheaverageerrorprob-
ability. We fully characterizedboth gamesby providing a unified
expressionfor the optimal structureof the linear transceivers and
deriving conditionsfor theuniquenessof theNE. Then,we showed
thattheNE of thegamecanbereachedusinga totally asynchronous
iterativewaterfilling basedalgorithm.
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