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Abstract— While the capacity region of the discrete memo-
ryless broadcast channel is in general unknown, it admits a
computable single-letter characterization when it is degraded.
In this case, we pose its computation as an optimization problem
and analyze its structure. We show that the computation of the
capacity region of the two-user discrete memoryless degraded
broadcast channel can be characterized as a difference of convex
optimization problem, a non-convex problem in general. For this
problem, which cannot be solved optimally in polynomial time,
we obtain necessary conditions for optimality which substantially
reduce the set of potential capacity-achieving candidate distribu-
tions. As an application of this result, the capacity region of the
BEC-BSC degraded broadcast channel is derived by maximizing
the achievable rates over this set of reduced dimensionality.

I. INTRODUCTION

The two-user discrete memoryless broadcast channel

(DMBC) [1] models the situation in which one sender wishes

to send information to two receivers. Although a single-letter

characterization of the capacity region of this channel is not

known in general, some achievable rate regions and outer

bounds have been derived by Cover and van der Meulen [2],

[3], Marton [4], and Nair and El Gamal [5].

Achievable regions and outer bounds are usually expressed

in terms of auxiliary random variables. Whenever the car-

dinalities of the support set of all the random variables

involved in the region are bounded, we say that region is

computable. In this respect, Nair’s outer bound and Cover-van

der Meulen’s achievable region in case of binary inputs [6]

are computable. However, apart from showing the feasibility

of the evaluation of the regions, little work has been done

towards finding efficient methods for their computation. We

shall try to bridge this gap in the specific setup where the

DMBC is degraded and there is no common information to be

transmitted simultaneously to both receivers. Assuming these

constraints, the capacity region of the channel is known [7]–[9]

and computable.

The contributions of this paper are the following. By

posing the computation of the capacity region of the two-

user degraded DMBC (dDMBC) as a constrained optimization

problem we show that it can be characterized as a difference

of convex (DC) optimization problem [10]. Since this kind
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of problems are not convex in general, there is no efficient

algorithm available to compute the capacity region in practice.

Additionally, the lack of convexity of this problem makes the

Karush-Kuhn-Tucker (KKT) conditions [11] not sufficient, not

even necessary (some regularity conditions are required), for

claiming optimality of an input distribution. Regarding this,

we are able to show that in this problem they are necessary

optimality conditions and, therefore, by choosing the best

among those input distributions satisfying the KKT conditions

the capacity region can be optimally computed. Moreover,

since the dimensionality of the set of distributions satisfying

the KKT conditions is in general substantially lower than the

original feasible set, the complexity involved in computing the

capacity region is greatly reduced. The contributions of this

paper are finally applied to compute the capacity region of the

BEC-BSC dDMBC, reducing the search dimension from 4 to

2.

This paper is organized as follows. Section II introduces

the problem of the computation of the capacity region of the

DMBC and reformulates it as a DC optimization problem.

Section III describes the necessary optimality conditions and

how they can be applied to obtain capacity-achieving distri-

butions. Then, Section IV provides the capacity region of the

BEC-BSC dDMBC by using the results of Section III. Finally,

Section V concludes the paper.

II. THE CAPACITY REGION AS A DC OPTIMIZATION

PROBLEM

A. The problem of the capacity region

The capacity region C of the two-user dDMBC X → Y1 →
Y2 is the convex hull of the set of rate pairs (R1, R2) satisfying

0 ≤ R1 ≤ I(X;Y1|U) (1)

0 ≤ R2 ≤ I(U ; Y2) (2)

for some choice of the distribution PUXY1Y2 =
PUXPY1|XPY2|X on U × X × Y1 × Y2, where PUX

is the joint probability distribution of the auxiliary random

variable U and the transmitted codeword X , and PY1|X , PY2|X
are the given conditional distributions that depend on the

nature of the channel. The region C is computable since

it suffices to consider |U| = min{|X |, |Y1|, |Y2|} in the

evaluation of (1)-(2). Applying the property that C is convex

by time-sharing arguments, the supporting hyperplane theorem
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[11, Sec. 2.5.2] allows us to parameterize its computation for

some θ ∈ [0, 1] as

maximize
{R1,R2,PUX}

θR1 + (1 − θ)R2 (3)

subject to 0 ≤ R1 ≤ I(X; Y1|U) (4)

0 ≤ R2 ≤ I(U ; Y2) (5)

PUX(u, x) ≥ 0 ∀(u, x) ∈ U × X (6)∑
u,x

PUX(u, x) = 1, (7)

where the right hand side of (4)-(5) amount to (8)-(9) at the

bottom of this page. Note that the solutions to (3)-(7), denoted

by (R�
1(θ), R

�
2(θ), P

�
UX(θ)), generally depend on θ.

B. A DC optimization problem

For each θ, the optimal rates (R�
1(θ), R

�
2(θ)) (which belong

to the boundary of C) satisfy the right hand side inequalities

of (4)-(5) with equality. This allows us to rephrase (3)-(7) as

maximize
PUX

θI(X; Y1|U) + (1 − θ)I(U ;Y2) (10)

subject to PUX(u, x) ≥ 0 ∀(u, x) ∈ U × X (11)∑
u,x

PUX(u, x) = 1, (12)

where R1, R2 have been removed from the optimization since

they can be computed evaluating (8)-(9) using P �
UX(θ), the

solution to (10)-(12).

Lemma 1: I(X;Y1|U) is concave in PUX , whereas

I(U ;Y2) is a difference of concave functions of PUX .

Proof: See Appendix A.

The computation of C (10)-(12) amounts hence to the maxi-

mization of the difference of two concave functions of PUX

(10) over the probability simplex. This falls within the class

of DC problems1, a wide class of non-convex optimization

problems which can only be solved in cases where an underly-

ing structure can be exploited. In general, their non-convexity

makes them intractable and only brute-force or random search

methods seem to be available. However, they provide no

quantification on their incurred suboptimality.

III. OPTIMALITY CONDITIONS

Pursuing the solution of the computation of C, we explore

both local and global optimality conditions in order to either

characterize completely the solutions to (10)-(12) or determine

their structure in order to reduce the dimensionality of the

1It can equivalently be mapped to the minimization of the difference of
two convex functions by minimizing the opposite of the objective in (10).

search space. To that end, consider the following necessary

optimality condition.

Lemma 2: A necessary condition for global optimality (and

sufficient condition for local optimality) of the joint probability

distribution PUX for any fixed θ ∈ [0, 1] is

θD(PY1|X=x||PY1|U=u)+(1−θ)EY2|X=x

{
log

PY2|U=u(Y2)
PY2(Y2)

}
{

= R(θ) if PUX(u, x) > 0
≤ R(θ) if PUX(u, x) = 0

(13)

for all (u, x) ∈ U × X and some non-negative real constant

R(θ). Any distribution PUX satisfying (13) yields an objective

value in (10) of θI(X; Y1|U) + (1 − θ)I(U ; Y2) = R(θ).
Proof: See Appendix B.

Corollary 1: A condition for global optimality of the joint

probability distribution PUX for any fixed θ ∈ [0, 1] is to

satisfy Lemma 2 with

R(θ) = C�(θ) � max
(R1,R2)∈C

θR1 + (1 − θ)R2, (14)

where C�(θ) denotes the optimal value of (10)-(12) for the

given θ.

Proof: The best among all the distributions satisfying a

necessary condition for optimality must be optimal.

IV. THE BEC-BSC DEGRADED BROADCAST CHANNEL

We shall consider here the application of the necessary

conditions of Lemma 2 to the BEC-BSC dDMBC, whose

channel transition probabilities are shown in a diagram in

Figure 1. This channel is such that receivers one and two

see a Binary Erasure Channel (BEC) and a Binary Symmetric

Channel (BSC) respectively. It models the situation in which

the sender intends to convey independent information to one

receiver equipped with erasure correction capabilities and

another not equipped so. The second receiver copies the output

of the first receiver except when there is an erasure (denoted

by e), in which case the output is chosen uniformly. Hence, if

ε denotes the erasure probability of the BEC seen by the first

receiver, the error probability of the equivalent BSC seen by

the second receiver is ε/2.

Proposition 1: The capacity region of the BEC-BSC de-

graded broadcast channel, CBEC−BSC, is given by the convex

hull of the points
(
(1 − ε) log 2, 0

)
, (0, (1 − h(0.5ε)) log 2),

and the set of rate pairs (R1(θ), R2(θ)), 0 < θ < 1
2

1−ε
(1−0.5ε)2 ,

I(X;Y1|U) =
∑

u,x,y1

PUX(u, x)PY1|X(y1|x) log

(∑
x′ PUX(u, x′)

)
PY1|X(y1|x)∑

x′ PUX(u, x′)PY1|X(y1|x′)
(8)

I(U ; Y2) =
∑
u,y2

(∑
x

PUX(u, x)PY2|X(y2|x)
)

log
∑

x′ PUX(u, x′)PY2|X(y2|x′)(∑
x′ PUX(u, x′)

)(∑
u′,x′ PUX(u′, x′)PY2|X(y2|x′)

) (9)

ISIT 2008, Toronto, Canada, July 6 - 11, 2008

1722



�

�

�

�

�

�

�

�
�

�
�

���

�
�

�
�

���

1

0

1 − ε

1 − ε

ε

ε

1

0

e

�

�

�

�

�
�

�
�

���

�
�

�
�

���

X Y1 Y2

1

0

1

1

0.5

0.5

Fig. 1. The BEC-BSC degraded broadcast channel

achieved by the distribution

PUX(0, 0; θ) =
γ(θ) − β(θ)

(1 − α(θ)β(θ))(1 + γ(θ))
(15)

PUX(1, 1; θ) =
1 − α(θ)γ(θ)

(1 − α(θ)β(θ))(1 + γ(θ))
(16)

PUX(0, 1) = α(θ)PUX(0, 0; θ) (17)

PUX(1, 0) = β(θ)PUX(1, 1; θ), (18)

where h(x) � −x log x − (1 − x) log(1 − x) is the binary

entropy function.

The parameters α(θ), β(θ), and γ(θ) are obtained as de-

scribed next. Given α(θ) > 0,

γ(θ) =
0.5ε exp

(
g(α(θ); θ, ε)/(1 − θ)

) − (1 − 0.5ε)
0.5ε − (1 − 0.5ε) exp

(
g(α(θ); θ, ε)/(1 − θ)

) , (19)

where

g(α; θ, ε) = (1 − θ) log
(1 − 0.5ε)α + 0.5ε

1 − 0.5ε + 0.5εα
− θ log α, (20)

and β(θ) > 0 is such that g(β(θ); θ, ε) = −g(α(θ); θ, ε)
(there are at most three such possible values of β(θ) for each

given α(θ)). Finally, α(θ) is determined from the following

unidimensional maximization

α(θ) = arg max
PUX :α>0,

|g(α;θ,ε)|<(1−θ) log(2/ε−1)

θI(X; Y1|U) + (1− θ)I(U ; Y2), (21)

where it has been explicitly denoted that PUX(θ) in (15)-(18)

and hence I(X; Y1|U), I(U ; Y2) exclusively depend on α.

Proof: See Appendix C.

The capacity region of the BEC-BSC degraded broadcast

is shown in Figure 2. Note that the application of Lemma 2

and Corollary 1 allows us to compute CBEC−BSC performing

the maximization of a one-dimensional function instead of

maximizing the achievable rates over the probability simplex

containing the joint distributions on U × X , for which three

degrees of freedom would need to be explored for each θ.

V. CONCLUSIONS

We have characterized the computation of the capacity

region of the two-user dDMBC as a DC problem. Since this

class of problems cannot be solved optimally in general, we

focused on obtaining local and global optimality conditions. In

this respect, we found that satisfaction of the KKT conditions
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Fig. 2. The capacity region CBEC−BSC of the BEC-BSC degraded broadcast
channel, in [bit/ch. use], for different values of ε.

of this problem is necessary and sufficient for an input

distribution to achieve a local maximum. Moreover, among

all the distributions satisfying the KKT, those achieving the

largest objective value are capacity-achieving (i.e., globally

optimal). One immediate application of these results is to find

capacity-achieving distributions from the maximization of the

achievable rates over a candidate set of potentially much lower

dimensionality than the original feasible set. In particular, we

have applied this method to obtain the capacity region of the

BEC-BSC dDMBC.

APPENDIX A: PROOF OF LEMMA 1

The mutual information ruling the rate of the first link can

be decomposed as2.

I(X; Y1|U) =
∑

u,x,y1

PUX(u, x)PY1|X(y1|x)
(
log PY1|X(y1|x)

+ log
PU (u)∑

x′ PUX(u, x′)PY1|X(y1|x′)

)
=
∑

x

(∑
u

PUX(u, x)
)
H(Y1|X = x) − D(PUY1 ||QUY1), (22)

where

QUY1(u, y1) = PU (u) ∀(u, y1) ∈ U × Y1 (23)

is a dummy function which is not a probability distribution.

While the first term is linear in PUX and hence concave, the

second is concave in (PUY1 , QUY1) thanks to the convexity

of the divergence, which is based on the log-sum inequality,

regardless of the fact that its two arguments may or may not

be probability distributions3. Since (PUY1 , QUY1) are linear in

2When required, we denote the marginals of PUX by PU and PX to
shorten the notation.

3Actually, in this case D(·||·) is not a proper divergence since its arguments
are not probability distributions, but this is totally irrelevant for the convexity
characterization of the problem.
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PUX , it follows that I(X; Y1|U) is concave in PUX .

Regarding the other mutual information term,

I(U ;Y2) =
∑

u

(∑
x,y2

PUX(u, x)PY2|X(y2|x)
)

log
1

PU (u)

+
∑
u,y2

(∑
x

PUX(u, x)PY2|X(y2|x)
)
×

× log
∑

x′ PUX(u, x′)PY2|X(y2|x′)∑
x′ PX(x′)PY2|X(y2|x′)

= H(U) − (−D(PUY2 ||QUY2)), (24)

where

QUY2(u, y2) =
∑

x

PX(x)PY2|X(y2|x) ∀(u, y2) ∈ U × Y2 (25)

is another dummy function not satisfying the properties of

a probability distribution. By the concavity of the entropy

function, the convexity of the divergence, and the fact that

(PU , PUY2 , QUY2) are linear in PUX it follows that I(U ; Y2)
is a difference of concave functions of PUX .

APPENDIX B: PROOF OF LEMMA 2

We will show that satisfaction of the KKT conditions,

rephrased as in (13) is a necessary and sufficient condition

for ensuring that PUX achieves a local maximum of (10)-(12)

and therefore (13) is a necessary optimality condition. From

[12, Sec. 3.4], we know that the KKT conditions of (10)-(12),

are satisfied by any PUX achieving a local maximum (hence

proving the necessity part). The corresponding Lagrangian is

L(PUX ;ΦUX , η) = θI(X; Y1|U) + (1 − θ)I(U ;Y2)

+
∑
u,x

ΦUX(u, x)PUX(u, x) + η
(∑

u,x

PUX(u, x) − 1
)
, (26)

while the derivatives of mutual information are

∂I(X; Y1|U)
∂PUX(u, x)

= D(PY1|X=x||PY1|U=u) (27)

∂I(U ;Y2)
∂PUX(u, x)

= EY2|X=x

{
log

PY2|U=u(Y2)
PY2(Y2)

}
− log(e). (28)

Setting the derivative of the Lagrangian with respect to

PUX(u, x) equal to zero it follows that at any local maximum

the following holds

θD(PY1|X=x||PY1|U=u)+(1−θ)EY2|X=x

{
log

PY2|U=u(Y2)
PY2(Y2)

}
= (1 − θ) log(e) − η − ΦUX(u, x). (29)

Expression (29) can be rephrased as (13) using complemen-

tary slackness (ΦUX(u, x)PUX(u, x) = 0), dual feasibility

(ΦUX(u, x) ≥ 0), and noticing that an alternative formulation

of the mutual informations involved is

I(X; Y1|U)=
∑
u,x

PUX(u, x)D(PY1|X=x||PY1|U=u) (30)

I(U ;Y2)=
∑
u,x

PUX(u, x)EY2|X=x

{
log

PY2|U=u(Y2)
PY2(Y2)

}
.(31)

To show that any PUX satisfying the KKT conditions is

indeed a local maximum of (10)-(12), let ∂RPUX (u, x) �
θ ∂I(X;Y1|U)

∂PUX(u,x) + (1 − θ) ∂I(U ;Y2)
∂PUX(u,x) denote a linear combination

of (27)-(28) evaluated using PUX . If∑
u,x

∂RPUX (u, x)(QUX(u, x) − PUX(u, x)) ≤ 0 (32)

holds for any arbitrary distribution QUX(u, x) it follows that

PUX is a local maximum of (10)-(12) [12, Sec. 2.1]. Since

any PUX satisfying the KKT conditions has an associated

∂RPUX
(u, x) = −η−ΦUX(u, x) and satisfies complementary

slackness (ΦUX(u, x)PUX(u, x) = 0), (32) becomes

−
∑
u,x

ΦUX(u, x)QUX(u, x) ≤ 0, (33)

which indeed holds for any QUX thanks to dual feasibility.

APPENDIX C: PROOF OF PROPOSITION 1

Let us simplify the notation by using the equivalence

PUX(u, x) = Pux and imposing U = {0, 1} (|U| = 2
suffices). In this case the distributions involved amount to

PY1|X =

⎡
⎣1 − ε 0

ε ε
0 1 − ε

⎤
⎦, PY2|X =

[
1 − 0.5ε 0.5ε

0.5ε 1 − 0.5ε

]
(34)

for the channel transition matrices,

PY1|U =

⎡
⎢⎣

(1−ε)P00
P00+P01

(1−ε)P10
P10+P11

ε ε
(1−ε)P01
P00+P01

(1−ε)P11
P10+P11

⎤
⎥⎦ (35)

PY2|U =

[
(1−0.5ε)P00+0.5εP01

P00+P01

(1−0.5ε)P10+0.5εP11
P10+P11

0.5εP00+(1−0.5ε)P01
P00+P01

0.5εP10+(1−0.5ε)P11
P10+P11

]
(36)

for the output distributions conditioned on U , and

PY2 =
[

(1 − 0.5ε)(P00 + P10) + 0.5ε(P01 + P11)
0.5ε(P00 + P10) + (1 − 0.5ε)(P01 + P11)

]
(37)

for the output distribution of the second receiver. In (34)-(37)

we have used the convention that the columns of the matrices

represent the elements of the output alphabets (Y1 or Y2) and

the rows correspond to the natural ordering of the inputs (U
or X). Expressions (34)-(37) can be used to formulate the

conditions of Lemma 2 for the BEC-BSC dDMBC, which

are shown in (38)-(41) at the bottom of the next page, where

�ij ≥ 0 and �ij = 0 if Pij > 0. In order to find an optimal

distribution satisfying (38)-(41) we need to hypothesize on the

number of entries of Pij that are equal to zero. To that end,

consider the following situations:

• Hypothesis 1 - PUX has three zero entries. This implies

H(U) = H(X) = 0 and, consequently, I(X;Y1|U) =
I(U ;Y2) = 0, which is clearly suboptimal.

• Hypothesis 2 - PUX has two zero entries. This class of

distributions comprises the cases: i) X = U and X = U ,

where all the capacity-achieving distributions achieve (0, (1−
θ)(1− h(0.5ε)), ii) U = 0 and U = 1, where all the capacity

achieving distributions achieve (θ(1−ε) log 2, 0), and iii) X =
0 and X = 1, which imply I(X;Y1|U) = I(U ;Y2) = 0.
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• Hypothesis 3 - PUX has one zero entry. Consider w.l.o.g

P00 = 0 and Pij > 0 ∀(i, j) �= (0, 0). This implies �ij = 0
∀(i, j) �= (0, 0) and �00 ≥ 0. The conditions (38)-(41) cannot

be satisfied simultaneously because the left hand side of (38)

equals +∞, while R(θ) ≤ C�(θ) is bounded and �00 ≥ 0.

Therefore, distributions with one zero entry are never optimal.
We subsequently focus on distributions PUX with strictly

positive entries, which imply �ij = 0 ∀i, j ∈ {0, 1}. Let us

describe such distributions by

PUX =
[

pα αpα

βpβ pβ

]
, (42)

where pα, pβ , α, β > 0 and (1+α)pα+(1+β)pβ = 1. Setting
the left hand sides of (38) and (40) equal to each other and
using (42) it follows

(1−θ) log
(1−0.5ε)+0.5εα

0.5ε+(1−0.5ε)α

0.5ε(pα+βpβ)+(1−0.5ε)(αpα+pβ)

(1−0.5ε)(pα+βpβ)+0.5ε(αpα+pβ)

+ θ log α = 0. (43)

Proceeding similarly with the left hand sides of (39) and (41)
we arrive at

(1−θ) log
(1−0.5ε)β+0.5ε

0.5εβ+(1−0.5ε)

0.5ε(pα+βpβ)+(1−0.5ε)(αpα+pβ)

(1−0.5ε)(pα+βpβ)+0.5ε(αpα+pβ)

− θ log β = 0. (44)

Since both (43) and (44) must hold, we can equal their left
hand sides, which imposes g(α; θ, ε) = −g(β; θ, ε), where
g is defined in (20). On the other hand, considering that
g(1/α; θ, ε) = −g(α; θ, ε) it follows that β = 1/α′ with α′
such that g(α′; θ, ε) = g(α; θ, ε). Rewriting (43) as

(1−θ) log
0.5ε(pα+βpβ) + (1−0.5ε)(αpα+pβ)

(1−0.5ε)(pα+βpβ)+0.5ε(αpα+pβ)
= g(α; θ, ε), (45)

it follows that

pα + βpβ

αpα + β
=

0.5ε exp
(
g(α; θ, ε)/(1 − θ)

) − (1 − 0.5ε)
0.5ε − (1 − 0.5ε) exp

(
g(α; θ, ε)/(1 − θ)

) � γ.

(46)

Since γ is the ratio of two strictly positive probabilities, we

impose γ > 0 in (46) to obtain that

γ > 0 ⇔ |g(α; θ, ε)| < (1 − θ) log(2/ε − 1). (47)

An equivalent rephrasing of (46) is pα/pβ = (γ−β)/(1−αγ),
which induces a distribution of the form (15)-(18). Analyzing
the monotony of g(α; θ, ε) over the interval of interest α ∈
(0, +∞) we obtain that

sign

{
∂g(α; θ, ε)

∂α

}
= sign

{
−α2+

2

ε

[ 1 − ε

(1−0.5ε)θ
−2(1−0.5ε)

]
α−1

}
,(48)

which shows that for θ ≥ 1−ε
2(1−0.5ε)2 the function g(α; θ, ε)

is strictly decreasing and hence α′ = α, β = 1/α. It can be

checked that (44)-(45) imply α = β = 1 which causes R2 = 0
and the optimal rate pair to be ((1 − ε) log 2, 0).

When 0 < θ < 1−ε
2(1−0.5ε)2 , the function g(α; θ, ε) has

one local minimum and one local maximum, which bounds

the number of different values of α′ such that g(α′; θ, ε) =
g(α; θ, ε) to a maximum of three. The maximization of the

objective value θI(X; Y1|U) + (1 − θ)I(U ;Y2) over the

distributions of the class (15)-(18) satisfying (47) yields the

best distribution satisfying Lemma 2 with strictly positive

probabilities, and its associated rate pair (R1(θ), R2(θ)). The

convex hull of these rate pairs together with the extreme points

((1− ε) log 2, 0), (0, (1 − h(0.5ε)) log 2) is hence CBEC−BSC

since there is no other rate pair achieved by a distribution

satisfying Lemma 2.
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