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Abstract—In this paper we present a general formulation that
unifies the probabilistic characterisation of Hermitian random
matrices with a specific structure. Based on a unified expression
for the joint pdf, we obtain (i) the joint cdf, (ii) the marginal cdf’s,
and (iii) the marginal pdf’s of the ordered eigenvalues, where (ii)
and (iii) follow as simple particularizations of (i). Our formulation
is shown to include the distribution of some common MIMO
channel models such as the uncorrelated and semicorrelated
Rayleigh, and the uncorrelated Rician fading MIMO channel,
although it is not restricted only to these. Hence, we provide
a solid framework for the simultaneous analytical performance
analysis of MIMO systems under different channel models. As
an example of application, we obtain the exact outage probability
of a spatial multiplexing MIMO system transmitting through the
strongest channel eigenmodes.

I. INTRODUCTION

Wireless multiple-input multiple-output (MIMO) channels
have been recently attracting a great interest since they provide
significant improvements in terms of spectral efficiency and
reliability with respect to single-input single-output (SISO)
channels [1], [2]. Assuming that the communication link has
nT transmit and ngr receive antennas, the MIMO channel
is mathematically described by an nr X nt channel matrix
H, whose (i,7)"™ entry characterizes the path between the
40 transmit and the i*" receive antenna. In particular, when
communicating over MIMO fading channels, H is assumed
to be drawn from a certain probability distribution, which
characterizes the system and scenario of interest and is known
as channel model. The system behavior is then evaluated on
the average or outage sense, taking into account all possible
channel states.

The performance of a MIMO system is usually related to
the eigenstructure of H (channel eigenmodes) or, more exactly,
to the non-zero eigenvalues of HH (or HTH). Consequently,
the probabilistic characterization of these eigenvalues for the
adopted channel model is necessary in order to derive analyt-
ical expressions for the average and outage performance mea-
sures. The common MIMO Rayleigh or Rician fading channels
models results in HH' (or H'H) being Wishart, Pseudo-

Wishart, or Quadratic form distributed.! For this reason, the
statistical properties of the eigenvalues of these Hermitian
random matrices have been widely investigated and effectively
applied to analyze the information theoretical limits of MIMO
channels [2], [4], [7], [8], [9], [10], [11], [12], [13], [14] as
well as the performance of practical MIMO systems [15], [16],
[17], [18], [19], [20], [21], [22], [6], [23].

Most of these works deal with the joint pdf of the or-
dered eigenvalues, the marginal distribution of an unordered
eigenvalue or the marginal distribution of the largest and
smallest eigenvalue. Nevertheless, an exhaustive analysis of
the marginals of all ordered eigenvalues is still missing and
this becomes necessary when perfect channel state information
(CSI) is available at the transmitter and the weakest channel
eigenmodes can be discarded. Some initial contributions in this
direction are [20], [22], [23]. In particular, the first order Taylor
expansion of the marginal pdf’s of all the ordered eigenvalues
was given in [20], [23] for the uncorrelated central Wishart
distribution and [22] derived the exact and the first order Taylor
expansion of the marginal pdf’s of the ordered eigenvalues for
the uncorrelated noncentral Wishart distribution.

In this paper we present a general formulation that unifies
the probabilistic characterisation of Hermitian random matri-
ces with a specific structure. Based on this unified expression
for the joint pdf, we obtain (i) the joint cdf, (ii) the marginal
cdf’s, and (iii) the marginal pdf’s of the ordered eigenvalues,
where (ii) and (iii) follow as simple particularizations of
(i). Then, in order to illustrate the utility of our unified
approach, we particularize these results for uncorrelated and
correlated central Wishart, correlated central Pseudo-Wishart,
and uncorrelated noncentral Wishart matrices. To the best of
the authors’ knowledge, the joint cdf was unknown for all
these distributions and the marginal cdf’s and pdf’s were only
available for the uncorrelated central and noncentral Wishart
distributions. Recently, other unified treatments have been pro-
posed in [17], [12], including, however, only uncorrelated and

The more general complex Quadratic form distributions [3], [4], [5], [6]
include the Wishart and Pseudo-Wishart distributions as particular cases.



correlated central Wishart and uncorrelated noncentral Wishart
matrices. Furthermore, only the distribution of the largest and
the smallest eigenvalue and of an unordered eigenvalue were
derived.

The rest of the paper is outlined as follows. Section II
contains the main contribution of this paper, i.e., the deriva-
tions of the joint cdf and both the marginal cdf’s and pdf’s
of the ordered eigenvalues of a general class of Hermitian
random matrices. In Section III we establish the matching
between this class and some important MIMO channel models.
As a straightforward example of application of the proposed
characterization, the exact outage performance of a MIMO
spatial multiplexing scheme is obtained in Section IV. The
paper is finally summarized in Section V.

II. ORDERED EIGENVALUES OF A GENERAL CLASS OF
RANDOM MATRICES

In this section we derive the joint cdf and the marginal cdf’s of
the ordered eigenvalues of a general class of Hermitian random
matrices (formalized next in Assumption 1). This general class
is shown in Section III to include HH' (or HTH) when H
follows some important MIMO channel models. Hence, the
results obtained in this section are extremely useful to analyze
the performance of MIMO systems as we illustrate in Section
Iv.

Assumption 1: We consider the class of Hermitian random
matrices, for which the joint pdf of its n non-zero ordered
eigenvalues, \; > --- > A, > 0, can be expressed as
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where ¢ is a vector of indices and the summation is for all
vectors ¢ in the set Z, V(A) (n x n) is a Vandermonde matrix
(see Appendix) and matrix E®)(X) (n x n) satisfies
BNy =¢N)  wv=1,...,n )
The dimension of ¢, the set Z, the constant K (), and the func-

tions Q(f)(/\) and (A) depend on the particular distribution
of the random matrix.

A. Joint cdf of the Ordered Eigenvalues

We start by deriving the joint cdf of the ordered eigenvalues
of the general class of Hermitian random matrices formalized
in Assumption 1).

Theorem 1 ([24, App. B.1]): The joint cdf of the ordered
eigenvalues, Ay > --- > X, > 0, of a random Hermitian
matrix satisfying Assumption 1 is given by
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where (7, > --- > n, > 0),> the summation over i =

(i1,...,4y,) is for all i in the set S defined as
S ={i e N'\max(is—1,5) <is <m, s Zrif n, =np41}
4)
and

i) =] ((1 — i) D 5iu,iv>! (6)
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where 4, ,, denotes de Kronecker delta. The operator 7 {-} is
defined in the Appendix and the tensor T®)(i;1) (n x n x n)
is defined as

[T (7)) 00 = /

Mig+1

Miy

VNN wvt=1,....n. (7)

qsbl()\) = C&L)()\)go()\))\“_l (see Assumption 1).

B. Marginal cdf of the k" Largest Ordered Eigenvalue

where &

We now particularize the joint cdf of the ordered eigenvalues
given in Theorem 1 to derive the marginal cdf of the k'
largest eigenvalue.

Theorem 2 (24, App. B.2]): The marginal cdf of the k!
largest eigenvalue, A\, of a random Hermitian matrix satisfy-
ing Assumption 1 is given by

k
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where P(i) is the set of all permutations g = (1, ..., tn)
of the integers (1,...,n) such that (1 < ... < p;—1) and

(i < ... < pn), matrix F®)(p,3;n) (n x n) is defined as

I 5M< YA 1<, <

f (L)
0

for u,v =1,...,n, and ££5(\) = SP(A)@(A)AH.
In the followmg, we particularize Theorem 2 to obtain a
simplified expression for the marginal cdf of the largest and
smallest eigenvalues.

Corollary 1 ([24, App. B.3]): The marginal cdf of the
largest eigenvalue, A1, of a random Hermitian matrix satisfying
Assumption 1 is given by

[FO (p,437)]u0 = { )
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LT
where matrix F(*) () (n x n) is defined as
[F®(n / ) wo=1,...,n (11)

and £%,(0) = ¢ (\)p(A)AP.

’Note that if some 7z = 0, then Fx(n) = 0 and if n5_; < 7 then

Ex(My oy M1, My 5 1n) = FAM1, -+ =15 Me—15 -+ M)
3Note that i, = n and by definition ig = 0, i,+1 = n+1 and 7541 = 0.



Corollary 2 ([24, App. B.4]): The marginal cdf of the
smallest non-zero eigenvalue, \,, of a random Hermitian
matrix satisfying Assumption 1 is given by

P\, (n)=1- ZK(L FO(p (12)
LT
where matrix F(*) () (n x n) is defined as
PO = [ €W wo=1.n (3)
n

and £(0) = ¢ (WA,

Similarly, the marginal pdf of the k" largest eigenvalue can
be easily derived from Theorem 2 just by taking the derivative
of (8) (see [24, Cor. 3.3)).

III. PARTICULAR CASES OF RAYLEIGH AND RICIAN
FADING MIMO CHANNELS

In this section we consider the different distributions of HH'
or H'H that result when H follows some important cases of
the Rayleigh and Rician MIMO channel models. For these
cases, we provide the expressions for the parameters describ-
ing the general joint pdf of the eigenvalues in Assumption 1
as well as the expressions needed to particularize the results
given in Section II. More exactly, we consider the following
cases:

Definition 1 (Uncorrelated Rayleigh MIMO channel): The
uncorrelated Rayleigh MIMO fading channel model is defined
as

H = Hw (14)

where H,, is a ng X nt random channel matrix with i.i.d.
zero-mean unit-variance complex Gaussian entries.

Definition 2 (Min-semicorr. Rayleigh MIMO channel):
The semicorrelated Rayleigh fading MIMO channel model
with correlation at the side with minimum number of antennas
is defined as

nR < nt

1/2
_ {z H, as)

szl/Q nR > Nr

where 3 is the n X n positive definite correlation matrix with
n = min(nT, nR).

Definition 3 (Max-semicorr. Rayleigh MIMO channel):
The semicorrelated Rayleigh fading MIMO channel model
with correlation at the side with maximum number of
antennas is defined as

H 21/2
H= v
21/2Hw

nR < nt (16)
nR > Nt
where X is the m x m positive definite correlation matrix with
m = max(nr,nR).

Definition 4 (Uncorrelated Ricean MIMO channel): The
uncorrelated Ricean fading MIMO channel model is defined

as
o
+1 +1

where K, € (0,00) and H is a ngr X nt deterministic matrix.
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Although we restrict here to simple cases of the Rayleigh
and Rician fading MIMO channels (for which closed-form
expressions can be obtained), other interesting cases are also
included in our unified formulation, for instance, the fully
correlated Rayleigh fading MIMO channel considered in [6].

A. Uncorrelated Rayleigh Fading MIMO Channel

Consider an uncorrelated Rayleigh fading MIMO channel H
as given in Definition 1, then the random Hermitian matrix
W (n x n) defined as

HH' ng <nt

|HIH ng>nr

follows a complex uncorrelated central Wishart distribu-

tion [25], denoted as W ~ W, (m,0,,1,), where n =

min(nt,ng) and m = max(nt,ng). Since the non-zero

eigenvalues of HH' and H H coincide, we can derive without

loss of generality the statistical properties of the non-zero
channel eigenvalues by analyzing the eigenvalues of W.

Joint pdf: The joint pdf of the ordered eigenvalues, \; >

- > A, >0, of W ~ W, (m,0,,I,) is given by [25,

eq. (95)][8, eq. (10)]

(18)

n
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where V() is a Vandermonde matrix (see Appendix A).
Identifying terms, the expression in (19) fits the general
pdf given in Assumption 1 if we let 7 be a singleton (the
superindex (¢) can then be dropped) and define the rest of
parameters as in Table II.1.
Marginal Distributions: In order to derive the marginal
cdf and pdf of the k'" largest eigenvalue using the results
presented in Section II-B, we only have to particularize

/ h ¢4 (N)dX = T(d(u + v),m) (20)

n

/ ") (N dA = A(d(u + v), ) 1)
0

where T'(-,-) and ~(-,-) are the upper incomplete [26,
eq. (6.5.3)] and lower incomplete [26, eq. (6.5.2)] gamma
functions.

The marginal cdf of the largest eigenvalue of W ~
Wh(m,0,,1,) was initially derived in [27, Thm. 2] and
extended to the marginal cdf of the k'"' largest eigenvalue
in [28, eq. (16)]. Recently, the cdf’s of the largest eigenvalue
were obtained in [15, eq. (18)][16, Cor. 2][17, eq. (5)]. In
addition, the pdf’s of the largest and smallest eigenvalue were
provided in [15, eq. (22)][16, Cor. 3][17, eq. (23)] and [17,
eq. (24)], respectively.

B. Min-semicorrelated Rayleigh Fading MIMO Channel

Consider a min-semicorrelated Rayleigh fading MIMO chan-
nel H as given in Definition 2, then the random Hermitian
matrix W (nxn) in (18) follows a complex correlated central
Wishart distribution [25], denoted as W ~ W,,(m,0,,, ¥),
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W ~ Wy, (m, 0, X)

W ~ PWn(m, O, )
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Table II.1
PARAMETERS OF THE UNCORRELATED, MIN-SEMICORRELATED, AND MAX-SEMICORRELATED RAYLEIGH FADING MIMO CHANNELS. (DEFINITIONS 1,
2, AND 3).

where n = min(nT,ngr), m = max(nt,nr), and X is the
n X n positive definite correlation matrix.
Joint pdf: The joint pdf of the ordered eigenvalues, A\; >
> Ay >0, of W ~ W, (m,0,,m, %) is given by [25,
eq. (995)][8, eq. (17)]

n 1 n 0i0; e m—n
=11 o= ]1 77— o BV ];[lA

=11
(22)
where V(-) is a Vandermonde matrix (see Appendix), E(A)
is defined as

(B0

_ ool

u,v=1,...,n. (23)

where o = (01, ..., 0y,) are the eigenvalues of 3 ordered such
that (o7 > -+ > o0, > 0). Identifying terms, the expression
in (22) coincides with the general pdf given in Assumption 1
if we let Z be a singleton (the superindex (¢) can then be
dropped) and define the rest of parameters as in Table II.1.
Marginal distributions: In order to derive the marginal
cdf and pdf of the k' largest eigenvalue using the results
presented in Section II-B, we only have to particularize

/ M = oI (d(o + 1), n/ou)  24)
n

n
/ M = ol (v +1),n/00)  (25)
0

where T'(-,-) and ~(.,-) are the upper incomplete [26,
eq. (6.5.3)] and lower incomplete [26, eq. (6.5.2)] gamma
functions.

The marginal cdf’s of the largest and smallest eigenvalue
of W ~ W,(m,O0,,, %) were recently derived in [7,
Thm. 4 (1)][17, eq. (7)][21, eq. (9)] and in [17, eq. (9)][21,
eq. (13)], respectively. The corresponding marginal pdf’s were
obtained in [17, eq. (26)][21, eq. (17)] and in [21, eq. (18)].
To the best of authors’ knowledge, the marginal cdf and pdf of
the k' largest eigenvalue were not available in the literature.

C. Max-semicorrelated Rayleigh Fading MIMO Channel

Consider a max-semicorrelated Rayleigh fading MIMO chan-
nel H as given in Definition 3, then the random Hermitian
matrix W (m x m) defined as

- {HTH nRr S nrt

(26)

HHT nRr > Nr

follows a complex correlated central Pseudo-Wishart dis-
tribution [29], denoted as W ~ PW,,(m,0,,,X), where
n = min(nT,nRr), m = max(nt,ng), and X is the m x m
positive definite correlation matrix.

Joint pdf: The joint pdf of the ordered non-zero eigenvalues,
A > >N > 0,4 of W~ PW,,(m, 0, 1, ) is given by
(3, eq. (25)]

A0 =11 g oy BIVOIL @)

where V(-) is a Vandermonde matrix (see Appendix) and
E(A) is defined as

1<v<m-n

[
[E(A)]u,’u - {O_mnle)\v,,L+n/Uu m-—n<uv S m

u

(28)
for w,v = 1,...,m, where ¢ = (o01,...,0,,) are the
eigenvalues of X ordered such that (oq > -+ > o, > 0).

Performing the Laplace expansion (see e.g. [30, Sec. 33]) over
the first m — n columns of E(), it follows that

[EQ) =) (-)=="H v (@) [EC X)) (29)
LeT

where the summation over ¢ = (t1,. .., Ly, ) is for all permu-
tation of integers (1,...,m) such that (17 < -+ < tym—n)
and (bm—ny1 < < i) and the matrices V(o)
((m —n) x (m —n)) and E®)(X) (n x n) are defined as

[V(‘)(a)]u,u = afﬂfl u,v=1,...,m—n (30)
EC N = ¢ ) =0l e T GD)
for u,v = 1,...,n. Observing that V(*) (o) is a Vandermonde

matrix (see Appendix A), we can finally rewrite the joint pdf
as

n

A =11 (n i i)! 11 (0 i(f—) D (—1)Zi )
i=1 T J i eT
I (o, = 2 )IED )V (32)
i<j

4There will be also m — n additional zero eigenvalues.



Identifying terms, the expression in (32) coincides with the
general pdf given in Assumption 1 by defining the set Z as

T={C1,stm)=m(1,....m)|(t1 <+ < tm—n)

and (L—nt1 < - < in)} (33)

where 7(-) denotes permutation and the rest of parameters as
in Table II.1.

Marginal distributions: In order to derive the marginal
cdf and pdf of the k'" largest eigenvalue using the results
presented in Section II-B, we only have to particularize

> 2 d(v

/n €N =l D(o,nfon,,,) G4
n

A fffz;(A)d)\ = Jiid(:;)“ﬂ(% U/Uod(uH)) (35)

where T'(-,-) and ~(-,-) are the upper incomplete [26,
eq. (6.5.3)] and lower incomplete [26, eq. (6.5.2)] gamma
functions. The marginal cdf of the largest eigenvalue of W ~
PW,(m, 0.m, X) was recently derived in [7, Thm. 4 (2)][21,
eq. (21)] and the marginal pdf’s of the largest and smallest
eigenvalue were calculated in [21, eq. (22)] and in [21,
eq. (25)], respectively. To the best of authors’ knowledge, the
marginal cdf and pdf of the £*! largest eigenvalue were not
available in the literature.

D. Uncorrelated Rician Fading MIMO Channel

Consider a uncorrelated Rician fading MIMO channel as
&iyen in Definition 2, then the random Hermitian matrix
W = (K. + 1)W, where W is given in (18), follows
a complex uncorrelated noncentral Wishart distribution [25],
denoted as W ~ W, (m,Q,1,), where n = min(nr,ng)
and m = max(nT,ng), and the non-centrality parameter €2 is
defined as ;

Q= {KHF "R NT (36)

KHH ng>nt

Note that in this case the non-zero channel eigenvalues, i.e.,
the eigenvalues of W, are a scaled version of the eigenvalues
of W.
Joint pdf: The join}\pdf of the ordered eigenvalues, \; >
> A >0, of W ~ W, (m,Q,1,) is given by [25,
eq. (102)] [16, eq. (45)]

-l

((m —n)l) 11 (wj —wi)

i<j ~d

ax) =

EQ)[V) JTear 37)
i=1

where V(-) is a Vandermonde matrix (see Appendix A) and

E()) is defined as

[EMN)]uo=0Fi(m—n+1Lw,A,) wov=1,...,n (38)

where oF7(-;-) is a generalized hypergeometric function (see
[31, eq. (9.14.1)]) and w = (w1, ...,w,) are the eigenvalues
of Q ordered such that (w; > --+ > w, > 0). Identifying

terms, the expression in (37) fits the general pdf given in
Assumption 1 if we let Z be a singleton (the superindex (¢)
can then be dropped) and define the rest of parameters as in
Table IIL.2.

Marginal distributions: In order to derive the marginal
cdf and pdf of the k" largest eigenvalue using the results
presented in Section II-B, we only have to particularize

n n
/ Sun(A)IA = / oF1(m —n + Lw, e XA g\
0 0

(39)
/ Eun( NN = / oF1(m —n + 1w, \)e Mg\,
7 n
(40)
Using [26, eq. (9.6.47)], it holds that
[t
n
e?u 2= (m — n)!
= m—n Qd(2v),mfn V2w, V 2n (41)
(\/2wu) ( )

where Q. (+,-) is the Nuttall @) function [32, eq. (4.104)].
Similarly, using [31, eq. (6.643.2)] and [31, eq. (9.220.2)], it
follows that

EupwNdA=T(d(v+ 1)1 Fi(dlv+1);m —n+ 1;w,)
0
42)

and we have that

/077 Euw(N)dA = /OOO Euw(N)dN — /Oo €uw(NdA.  (43)

n

The marginal cdf of the k*" largest eigenvalue of W ~
Wh(m, $2,1,) was initially derived in [33, eq. (9)] in terms
of an infinite series of determinants. Recently, the marginal cdf
the k" largest eigenvalue was obtained in terms of a finite sum
of determinants in [22, Thm. 3] and the particular cases of the
largest and smallest eigenvalue in [16, Thm. 1][22, Thm. 2]
and in [22, Thm. 1], respectively. In addition, the marginal pdf
of the maximum eigenvalue was given in [16, Cor. 3] and the
case of € being rank 1 was considered in [16, Cor. 3].

IV. OUTAGE PROBABILITY OF SPATIAL MULTIPLEXING
MIMO SYSTEMS WITH CSI

As an illustrative application for the joint and marginal cdf’s
of the ordered eigenvalues given in Section II, we analyze in
this section the outage probability of a spatial multiplexing
MIMO system with perfect CSI at both sides of the link,
which transmits independent substreams through the channel
eigenmodes.

A. Signal Model

Following the singular value decomposition (SVD), the
channel matrix H can be written as

H=UAV' (44)



W ~ Wy, (m,Q,1,)
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d(v) m—-n+v—1

Table II1.2
PARAMETERS OF THE UNCORRELATED RICEAN FADING MIMO CHANNEL (DEFINITION 4).

where U and V are unitary matrices, and VA is a diagonal
matrix containing the eigenvalues of HHT. This way, the
channel matrix is effectively decomposed into rank (H) =
min{nt,nr} independent orthogonal modes of excitation,
which are referred to as channel eigenmodes [1], [2].

Then, assuming perfect CSI at both sides of the link,
the channel can be diagonalized and K < min{nr,ngr}
independent data symbols {sy }x=1,.. x can be communicated
simultaneously and without interference as (see [23, Sec. III])

Sk = \/ ApQrsSnrs; + ng k=1,....K 45)

where 3, is the k'" estimated data symbol, )\, is the £*" largest
eigenvalue of HHT, ¢y, defines the channel non-dependent
power allocation policy, and n; ~ CA(0,1). The transmit
power is constrained such that

K
g ¢rsnr < snr
k=1

where snr is the SNR per receive antenna. Each substream
experiences then an instantaneous SNR given by

k=1,..., K.

(46)

Pr = Apprsnr 47

B. Outage Probability

The outage probability is defined as the probability that
the instantaneous SNR, denoted by p, falls below a certain
threshold p [32, eq. (1.4)]:

Pout(p) £ Pr(p < p).

Consider the diagonal spatial multiplexing MIMO system in
(45) with instantaneous SNR as in (47). The individual outage
probability as defined in (48) of the substream transmitted
through the k*" strongest channel eigenmode is given by

] p
PL) (snr) 2 Pr(py < p) = Fy, (W)

(48)

(49)

where F), () denotes the marginal cdf of the £*® channel
eigenvalue. Under the MIMO channel models presented in
Definitions 1 — 4, F), (-) can be easily obtained particularizing
Theorem 2 with the corresponding expressions given in Tables
II.1 and IIL.2.

In Figure IV.1 we provide the individual outage probability
in (49) of the substream transmitted through the 3¢ (k = 3)
channel eigenmode in a spatial multiplexing MIMO system

(snr)

(3)
out

(i):uncorrelated Raylei;

E (i) min—semicorrelated Rayleigh

10°L . .(iii) max—semicorrelated leigh
107k (iv) uncorrelated RicianA
10’5 1 1 1 1
5 10 15 20 25 30
snr
Figure IV.1.  Exact (-) and simulated (o) individual outage probability

Péljt) (snr) for the substream transmitted through the 3rd (k = 3) channel
eigenmode of an 6 x 4 MIMO system with K = 4, ¢, = 1/4, and using a
QPSK modulation.

with nT = 6 and ng = 4 antennas when K = 4 substreams
are established, a QPSK modulation is used on each substream,
and the power is uniformly allocated (¢, = 1/4). The
performance threshold has been chosen to guarantee a target
BER of BER = 1072 and we have defined the correlation
matrix as [£];; = 71*=9! with 7 = 0.9 for the min- and max-
semicorrelated Rayleigh, and the rician factor K. = 10 for the
uncorrelated Rician fading MIMO channel.

The individual outage probability when transmitting through
the strongest eigenmode, i.e., for K = k = 1 in (49) and
p1 = snr, has been widely analyzed in the literature, since
it corresponds to the outage probability of the beamforming
scheme (or maximum ratio transmission [34]). In particular,
the outage probability under uncorrelated Rayleigh fading
was obtained in [15, Sec. IV][16, Sec. III][18, Sec. II] [19,
Sec. IV], under semicorrelated Rayleigh fading in [7, Sec. IV],
and under uncorrelated Rician fading in [16, Sec. III]. Addi-
tionally, the case of fully correlated Rayleigh fading MIMO
channels (not considered explicitly in this paper) has been
recently addressed in [6, Sec. IV].

V. CONCLUSIONS

The probabilistic characterization of the eigenvalues of
Wishart, Pseudo-Wishart and Quadratic form distributions is
critical in the performance evaluation of many communication



and signal processing applications. However, the unified per-
spective provided by this work was missing and can, not only
fill the gap of the currently unknown results, but even more
importantly, provide a solid framework for the understanding
and direct derivation of all the previously derived results and,
at the same time, a procedure for the simultaneous analyti-
cal performance analysis of MIMO systems under different
channel models.

APPENDIX

Definition 5 (Vandermonde matrix [35, eq. (6.1.32)]): The
n'™ order Vandermonde matrix in A = (A1,..., \,), denoted
by V(A) (n x n), is defined as

ij=1,...,n. (50)

[V)ig = X!

Lemma 1 (Vandermonde determinant [35, eq. (6.1.33)]):
The determinant of the n'" order Vandermonde matrix
introduced in Definition 5 is given by

VL= Ty =)

1<J

&1y

Definition 6: The operator 7 {-} over a tensor T (nxnxn)
is defined as’

n

T{T} = sen(w)sgn(v) [ [Tk (52)

n,v k=1
where the summation over v = (vq,...,v,) and pu =
(1, ..., pin) is for all permutations of the integers (1,...,n)

and sgn(-) denotes the sign of the permutation.
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