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ABSTRACT 2. SYSTEM MODEL

In this paper we consider multiple access systems where users and id ltiol o afs h with
access point are equipped with multiple antennas. In order to e)gon3| er a multiple access system compos ers, each wit

ploit some of the MIMO potentials we have to resort to space-timd'” transmit antennas, and an access point (AP.)’ wiifreceive an-
coding. Unfortunately, such a processing may induce severe loss ffnas: Let us assume that #héh user encodes its own, complex
terms of achievable information rates. In this paper we prove thgYMPOISsi (), j = 1,..., ns, through the following space-time lin-
necessary and sufficient condition ensuring that the space-time cofd" encoder ns

ing i_s_infqrmgtion Io§sless_, in the sense that it does not in_duce any X = Z Ay (§)se(5) (1)
modification in certain regions of achievable rates. In particular in- =1

formation lossless property is guaranteed if each user makes use 0

a Trace-Orthogonal Design (TOD), that is a linear space-time cod\é’eS assigned to theth user.

whose encoding matrices are orthogonal with respect to the trace ifj- ) ; . .
ner product. Noteworthy, users can also use the same set ofencodirfr% pace-time encod_er is Brace-Orthogonal DesighTOD), if th_e
corresponding matriced (1), -+ , Ax(n,) are orthonormal with

matrices. respect the trace inner product, that is they satisfy
Index Terms— MIMO Systems, Multiple Access Channel, Space-
Time Coding, Information Lossless tr (AkH(j)Ak(m)) = 8im, @)

Lere{Ak(j),j =1,...,ns}isthe set ohvr x @ complex matri-

1. INTRODUCTION whered;n, is the Kronecker delta.
Applying thevec(-) operator to (1), we get
MIMO systems have attracted a lot of research in the recent years,
since they make possible to increase spectral efficiency and diver- s ‘ ‘
sity gain without sacrificing transmission power and/or bandwidth @k = vec(Xx) = > vec (Ax(j)) sx(j) = Fusr, ®3)
[1]. However, to exploit MIMO potentials, in particular diversity j=1

gain, we have to resort to space-time coding [2]. Unfortunately, this . . . . .
. . : - whereF ;. is the(Q-nr xn,) matrix whosej-th column isvec( A (j))
processing may induce severe loss in terms of capacity [3]. Never nds, = [s(1)--sx(ns)]” is the vector of transmitted symbols

theless, spectral efficiency is one of the major motivations for usin
or the k-th user.

MIMO systems so, it is fundamental to discern which are the spacel—_0 guarantee symbol recovéror each user, matriceE' must be
time coding properties essential to achieve the MIMO potentiali!rJII column rank, i.erank(Fy) = .. This n’1eans thatkthe oloe
r T e

without incurring capacity losses. In the single user scenario the ) . .

are several studies in that direction [4], [5] and references therein'9 inequality must be satisfied

Despite this, it seems that no equivalent study has been carried out ne < Q-nr. (4)
in the multiuser setting. To the best of authors’ knowledge, it seems -

that the only contribution dealing with the problem of characterizingwe will refer to codes for which#}, has full column rank, ason-
the space-time coding strategies allowing for lossless informatiogjngularcodes.

transfer, in the case of multiple access systems, is [6], where thgs will be clear later, matrice®), (k = 1,..., N) play a funda-

problem of invariance for the sum-rate has been addressed. In thigental role in characterizing the properties of the codes.
work we consider multiple access systems and we extend the result

of [6]. In particular we prove the necessary and sufficient condition
on the space-time coding strategy for each user, which guarante
that certain regions of achievable rates are not affected by the cod-
ing. The result is derived on a per-realization basis and thus it hold
regardless of the statistics of the channels. Throughout the paper, we N

use the following conventiorC™*? denotes the space afx p ma- Y= Z Hyxy + v, (5)
trices with complex entries; matrices are denoted by bold uppercase k=1

letters and vectors by bold lowercase ongs;denotes the:r x n . ) )
identity matrix; I and0 denote respectively an identity matrix and a Where o is the noise vector, assumed to be zero mean, circularly

null vector with suitable dimensions; logarithms are in base symmetric complex Gaussian, with covariance matfi¥. We will
refer to (5) as theincoded system

Now, let us consider the system. Denoting By, € C"r*"T

e channel matrix characterizing the link betweenitite user and

e AP, and byz;, the corresponding vector of transmitted symbols,
e received vector is

This work has been supported by the project 1ST-4-027187-ST
SURFACE funded by the European Union. 1Symbol recovery is guaranteed if mapping in (3) is injective.




Consider now the system with space-time encoding, where the chan- 3. INFORMATION LOSSLESS SPACE-TIME CODING
nelsH ;. are assumed to be constant ogesuccessive channel uses o ) o . -
(block fading model). If each user transmits the maiXix, builtas ~ The objective of this section is to provideecessary and sufficient

in (1), the received matrix is conditions on the encoding matrices for each user so that lossless
information transfer is guaranteed. In general, the coded system (6)
N can experience rate reductions depending on the particular choice
Y = Z H X, +V, (6) of the space-time encoder for each user. For example, in the single
k=1 user scenario, it is well known [3] that orthogonal space-time block

. . ) . . coding incurs severe loss in terms of capacity. In a multiuser scenario

whereV isthe(nr x Q) received noise matrix. Applyingthec(-)  the rate loss is experienced in terms of modification and/or reduction
operatof to (6) and using (1) and (3), we get of the corresponding region of achievable rates.
We are interested in space-time coding strategies that do not affect
the instantaneous region of achievable rates, as defined in (9). The
rationale behind this choice is that if such a coding scheme exists
for all the users, whichever are the channel realizations, the property
wherev = vec(V'). We will refer to (7) or (6) as theoded system  Will hold regardiess of the statistics of the channels. This motivates

We assume tha®, is the constraint on the transmit power for the the introduction of the following definition

k-th user, no channel state information (CSI) is available at the trangy inition 1. A space-tim&coding strategy isnformation lossless
mitters and the receiver at the AP has perfect knowledge of CSl. Un['or a multiple access system, if the instantaneous regions of achiev-

der the hypothesis of no CSI at the transmitters a sensible choice e rateSRcod(H) andR'™(*H), as given in(9) and (11), coincide
to use a uniform power allocation for each user. In this way, for any . Al realizations of the channéls '

given realization of the channels, the multiple access system can be

characterized by the instantaneous region of achievable rates, which The main result of this section is Theorem 1, which gives a com-
denote the region of achievable rates for the specific realization gilete characterization of the information lossless coding strategy.
the channels, when uniform power allocation is assumed for all th@efore proceeding, we need some preliminary results from matrix

N

y=) (Io®H)Fisi +v, @)
k=1

users [2]. Introducing the notation theory.
H=[H, - Hy], (8) Lemmal. If G € C**" is a Hermitian matrix, then
for the uncoded system in (5) it assumes the form tr[G*=n,k=1,...,n & G=1I,.
RU(H) — {(Rh Rw)e Rﬂ ©) Proof. See Appendix. O

Lemma 2. If M € C™*" is a Hermitian positive semidefinite ma-
Z Ry < C™™(H,8),VS C {1,.. .,N}} 7 trix independent of, then

keS k
%:“VI' =(=D)""(k-Dtx(M*), keN.
whereRy is the rate for thé-th user,S is any subset of1,..., N}, ot t=0
and Proof. See Appendix. O

CU"(H,S) =log [T+ v H H}

keS

; (10)

We are now ready to prove the following

wherey, = Py /nro?. Theorem 1. In the setting of the previous section, if the receiver has

The corresponding expression for the coded system in (7), when tHerfect CSI, no CSlis available at the transmitters, andkile user
transmitted symbols for the-th user are uncorrelated with variance transmits independent symbols with variarfgg/nr, then

P ,is " n
k/NT RCOd(H) _ RunC(H) 7 vYH e C rRXNnp
cod N that is, the instantaneous regions of achievable rates for the coded
R7(H) = {(Rl’ - By) € Ry ‘ (11) and the uncoded systems coincide for all realizations of the channels,
ifandonlyif F,Ff =I,fork=1,...,N.
R < C®YH,8),¥SC{l,...,N} ¢,
1;9 b ( ) = } Proof. Let us introduce the set = {1,---,N}. The instanta-
neous regions of achievable rat®8"(H) and RY(‘H), as given
where in (9) and (11), are functions only of the boundaries expressed in
terms of C""(‘H, S) andC*®°Y('H, S) respectively. Since we require
cod 1 H - the coincidence oR""() andR°(H) for all the realizations of
C™(H,S) = 0 log|\I+» w(Iq®Hu)FiFi (Ig® Hi)|  the channels, it is easy to verify that this condition is equivalent to
kes i
(12) require
where the factoil /@ accounts for th&) uses of the channels, and C™(H,S) = C"(H,S), YVHeC'r*N"r vysCE,
F;, is defined in (3). (13)

2In deriving (7) we have usetec(AX B) = (BT ® A) vec(X). 3We consider linear space-time codes.



that is, the coincidence of the corresponding functioi®(H, S)
andC®Y('H, S) for all the realizations of the channels andétirthe

whereR* = [0, +c0), 0 is the Knr-size null vector, and/ =
{h € C¥"7 . ||n|| = 1}, that isU is the set ofKnr-size col-

subsetsS of E. Through the proof we will make expressly reference umn vectors with unit norm. With this particular choice, the product

to this equivalent condition.

(SufficiencyWhenF,F = I,fork = 1,..., N, from (12), ex-
ploiting the properties of Kronecker product [7], we can draw

I+ w(lq® Hi)(Iq® HY)
keS

C®H,S) = % log

:llog I+Z’yk (IQ@HkaH)

keS

(o)

= llog
Q

_ L
- Q

I+ <IQ®Z’YkaHkH)‘

kes

log

Io® (1 +> %H,ngH) ‘ =C"(H,S) (14)

keS

where in the last step we have used the idemfity® M| = |M|".
Note that (14) holds trugH € C"E*N"T andvS C E. This
coincides with (13) thus proving the sufficiency.

(Necessity The following relation is assumed to be true
C®YH,S) = C"™(H,S), VHeC'"*N'T ySC E. (15)

Let us consider the generic subsetifhaving K elementsS =
{i1, -+ ,ix}, wherel < K < N. So, denoting by

H = [\/'Yi1Hi1 "'\/%KH’L'K] ) (16)
and introducing the following block diagonal matrix
F:diag{Filv"'vFiK}7 (17)

identity (15), after some matrix algebra, can be recast as

% logI + [ HYIIFF'I1"(I o ®HH)‘ :10g{1 + HHH‘
(18)
wherell is the following permutation matrix
N=[Iq®P;, Io®P;, - Io® Py, (19)
with P}, defined as
Pk:uk®I'nT7 (20)

whereu,, is the k-th unit vectof in C¥, that isu(j) = dx;, for
j=1,..., K. Note thatH, F, andII depend on the subs§t

Resorting to the identityl + AB| = |I + BA|, (18) can be
rewritten as

log [T+ (Iq ® HHH)HFFHHH‘ — Qlog ‘I + HHH‘ .
(21)
Since (21) is assumed to hold fany channel realization, it is sat-
isfied, in particular, for rank-one channel matrices such Hiaas-
sumes the following structute
H=viho - of

teR", hel, (22)

4t is a column vector.
5Note that the presence of, . . . , vx in (16) does not pose any problem
in building (22), since those values are non null.

H" H becomes o
H H=thh",
which, substituted in (21), leads to

(23)

log [T +t(Iq @ A" IIFFYII" (Io ® h)| = Qlog(1 + ).

(24)
Since (24) must hold trug¢t € R andV h € U, equation (24),
for any h, is an identity between infinitely differentiable functions
of the variablet € R*.
Taking the@ successive derivatives with respectttof both sides
of (24), evaluated at = 0, and resorting to Lemma 2, we get the
following identities valid fork = 1,...,Q,

k
tr { [(IQ @ hIIFFIIIY (1o ® h)] } =Q Vhel,
(25)
which, according to Lemma 1, hold true if and only if

(Io @ W"HIIFFII" (Io@h)=1o, VYhel. (26)

Now, let us rewrite the produLF FZII# as aQ x Q block matrix
where each block, denoted 8;;;, has dimension&nr x Knr

(o381 Lo 379)

OorFrim” = | (27)
®q: ®qq
With this position, identity (26) can be recast equivalently as

hi®, 1k h®,oh

=Io, VYhelU. (28)

hi®o1h h®o0h

This holds true if and only if the following identities are satisfied

h®,;h =06, Vhelu, forij=1,...,Q. (29)
Equivalently, (29) states that, for; = 1,...,Q,
R (®i; — 6ijIkny )h =0, Vhel. (30)

Since (30) must hold trué h € U, this is possible, according to [7],
if and only if

P =0i;Ikn,, fori,j=1,...,Q, (31)
that is, if and only if
NFFIY = Iokn,, (32)
which is equivalent to
FF" =Iqkn,, (33)

sincelIl is a permutation matrix. Finally, taking into account the

definition of F" in (17) we conclude that (33) is equivalent to
Fo F! =F,F! = .. =F, Fl' =Ig.,. (34)

Since (34) holds true for any subsgt= {i1,--- ,ix}, it implies
the following final result

FiFi =1Ign,, (35)



which holds true fokk = 1,..., N. 5. APPENDIX

This proves the necessity for the subclass of rank-one channel
matrices in (22). But since (35) is also the condition that guaranteel$ this Section, we collect the proofs of lemmas enunciated in the
(15) for all realizations of the channels, as follows from the proofpaper. Towards this end we will make use of the following result
of sufficiency, we conclude fortiori © that (35) is also a necessary R . . .
condition for the whole class of channel matrices. Stated differentiy:-€Mma 3. If G € C"*" is a Hermitian matrix with all eigenvalues
the proof of sufficiency demonstrates the existence of a solution t§au@l o1, thenG = I,.
the problem of information invariance with respect to the channe
realizations, namely (35). The proof of necessity guarantees th
such a solution is unique showing that for a subclass of channel r§
alizations, condition (35) must necessarily hold. The proof is thus

|3roof. Let us indicate withy; = 2 = --- = ~,, = 1 the eigenval-
es ofG. SinceG = G, there exists a unitary matr{ such that
he following chain of equalities holds

complete. O G = Udiag{n, 2, U =UU" = 1,,.
3.1. Consequences of Theorem 1 That is, the identity matrix,, is the onlyn x n Hermitian matrix
with all the eigenvalues equal to 1. O

Condition (35) holds true only iF';. has full row rank. Sincd’y, is
Qnr X ns, it can occur only if

ns > Qnr. (36)

Combining (36) with (4), we arrive at the following equality

Proof of Lemma 1

Sincen = tr[I,,] = tr[(I,)"], it is known from [7] that

ne = Q- nr, (37) tr[G*] = t[(1,)F], k=1,...,n

which is equivalent to say that the code rate, define® as ns/Q, holds true if and only ifG and I,, have the same eigenvalues, i.e.

is equal tony, for all users. This means that all users must use & has all its eigenvalues equal to 1. SinGeis Hermitian, from

full-rate code. Lemma 3, this is possible if and only@& = I,,. O
Moreover condition (37) force#',. to be square and this, to-

gether with (35), implies thaF', is unitary, i.e., it is also true that  proof of Lemma 2

FIF, = I. This is a strong result that allows us to fully char- )

acterize the encoding matricess, (j), for each user. In fact, tak- Let us denote by\; > Az > --- > A, > 0 the eigenvalues of

ing into account the structure d}, (see (3)), the generic element M . SinceM is positive semidefinite, the functidog | + ¢ M| is

{FkHFk} = {I}, . of the identityF}' F;, = T can be written as infinitely differentiablé in t = 0. Moreover, the following chain of

I I equalities holds true fat € N

vec” (A1(0)) vee(Aw(7)) = tr (AL (D AG)) = 6 (38)

OF log|I +t M| "~ 0" log(1 +t)))
wherevec? (X ) vec(Y) = tr(XY) has been used. otk —0 = otk -
The last equality in (38) holds truéand only if the the encoding = . t=0
matricesA(j) ( = 1,...,n), for each user, constitute a Trace- E—1 | “ Aj - E—1 | b
Orthogonal Design. Thus, combining (37) and (38), the conseguenc™ (=D)" (k-1 21 A+ t)F| (=07 (k= Dler(M7),
1= t=0

of Theorem 1 can be summarized in the following

Corollary 1. A space-time coding strategy for a multiple access syswhere in the last equality, we have used the following identity [7]
tem, based on nonsingular linear codes, is information lossfess relating trace and eigenvalu®s’_, A} = tr(M"). O
and only ifeach user employs a full-rate Trace-Orthogonal Design.
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