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Abstract—The sequential lterative Water-Filling Algorithm  their power allocationsimultaneously still according to the
(IWFA) proposed by Yu et al. is by now a popular low- single-user water-filling solution, but using the interference
complexity algorithm to compute the Nash equilibrium point  ganarated from the other users in theviousiteration. As

of the power allocation game in a Gaussian frequency-selective o . o .
multiuser interference channel. The algorithm is based on a IWFA, SIWFA is implemented in a distributed way and it

distributed sequential updating where, at each iteration, the users achieves the NE of the rate maximization game as well.
choose their power allocation, one after the other. However, this Furthermore, since in practice there are strict restrictions on

sequential updating strategy may slow down its convergence the usage of certain frequency bands, specified by the radio
time excessively when the number of users is high. In this gnectym regulatory bodies, we incorporate these constraints

paper, we propose an alternative distributed algorithm, called . th bl f lati tral K traint
Simultaneous lterative Water-Filling Algorithm (SIWFA), where In the problem tormulation as spectral mask constraints.

at each iteration, all the users update their power allocations ~ Our main contribution is to provide sufficient conditions for
simultaneously, rather than sequentially. This reduces the con- the convergence of both IWFA and SIWFA in the presence of
yerlgence time COF‘S'derat_’t')Vv specially whendthe nUfT}_bedf of US?S spectral mask constraints, that are less stringent than those of
Is large. Our main contribution is to provide a unified set of =111 151 (gptained in the absence of spectral constraints), en-

sufficient conditions for the convergence of both IWFA and larai h f licati ith
SIWFA, that are less stringent than those known in the literature  'arging the range ot applications with convergence guarantee.

for IWFA. These conditions guarantee the convergence of both ~ The paper is organized as follows. Section Il gives the
algorithms also in the presence of spectral mask constraints system model and formulates the optimization problem as a
imposed on the power allocations of the users. strategic non-cooperative game. Section 1l reviews the popular
IWFA and Section IV describes the proposed algorithm, SlI-
WFA, along with its convergence properties. In Section V, we
The Sequential Iterative Water-Filling Algorithm (IWFA) provide numerical results showing the superior convergence
proposed by Yu et al. in [1] is one of the early dynamigpeeds of SIWFA with respect to IWFA. Finally, in Section
multiuser spectrum optimization techniques aimed at finding the conclusions are drawn.
the competitive equilibrium (Nash equilibrium) for the rate
maximization game in a d|g|ta| Subscriber |ineS (DSL) SyS— || SYSTEM MODEL AND PROBLEM FORMULAT|ON
tem, modeled as a frequency-selective Gaussian interference
channel. In this algorithm, each user maximizes its own We consider a Gaussian frequency-selective interference
rate by performing a single-user water-filling, treating thehannel, composed b§ source terminals and as many des-
interference from the other users as additive colored noise. fiations. Aiming at finding low-complexity distributed algo-
each iteration, the updates occur sequentially, one user afims, we assume no coordination among the users, so that no
the other. The most appealing features of IWFA are its lonterference cancelation can be performed at the receiver and
complexity and its distributed nature. In fact, to maximiz&wltiuser interference is treated as additive colored noise. We
its own rate, each user needs to measure only the Po@o assume that discrete multi-tone modulation and Gaussian
Spectral Density (PSD) of the thermal noise plus the receivégidebooks are employed by all the users. This setup arises in
multiuser interference, without requiring specific knowledge dnany different scenarios, either wireless or wired, as in DSL
the power allocations adopted by the other users. Furthermai¢stems [1] [2], or in wideband wireless meshed networks [3].
IWFA was shown to reach interesting performance gains inUnder this system model, we consider the competitive
many practical settings [1], [3]. maximization of the information raten each link given
However, the sequential updating strategy of IWFA becomegnstraints on the average (uncoded) error probability, the
a slowing down factor as the number of users increaséansmit power and the spectral emissions of each user. Using
Furthermore, IWFA was proved to converge to the (uniqué)e capacity expression for the single user Gaussian channel,
Nash Equilibrium (NE) of the rate maximization game ithe maximum rate achievable on each link is
limited cases, under restrictive constraints on the multiuser 1 Nl 1
interference [1], [2]. Ry=+ Z log (1 o Si“"q(k)> ; (1)
To remove these limitations, in this paper we propose a new k=0 !
distributed iterative algorithm, calle@imultaneous Iterative where the coefficient’, > 1 is the so-calledSNR-gap and

I. INTRODUCTION

Water-Filling Algorithm(SIWFA), that falls in the class of the sinr, (k) denotes the Signal-to-Interference plus Noise Ratio
general Jacobi strategies [6]. In SIWFA, all the users updd®INR) on thek-th subcarrier for the-th link:
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shrg ‘qu(kﬂ pq(k) 2) I1l. SEQUENTIAL ITERATIVE WATER-FILLING REVISITED
L+32, ., inr, |Hrq(k)’2pr(k)’ To compute the NE points o in (3) whenp**(k) =
- +00,VE, g, Yu et. al. proposed in [1] a simple iterative water-
where H,.,(k) = \/d}q H.(k) is the frequency-response offilling procedure (IWFA) that is an instance of the Gauss-
the channel between sourceand destinatiory including the Seidel algorithm [6]. In IWFA, each player, sequentially and
path-loss and the normalized fading process; denotes the according to a fixed order, maximizes its own rate, given the
distance between sourceand destinatiorg, and-~ is the path others as interference. It is straightforward to see that, if such
loss exponentsnr, = q/(oﬁjdgq) andinr,, = q/(afvdzq) a procedure converges, it has to converge to a stable NE of
denote the SNR of link and the Interference-to-Noise Ratiothe game# in (3). In the case of spectral mask constraints,
due to the interference received by destinatjand generated IWFA of [1] can be generalized as follows [3].
by sourcer, with r # g, respectively;P, is the transmit power Algorithm 1- S "y e W Fill
of userg andp, (k) is the normalized power allocated by the gorithm 1: Sequential [terative Water-Filling
g-th user over thé-th subcarrier, subject to the spectral maslgetn, = 0 and p(o) = WF,(p_,), with anyp_, > 0;

q
constraintsp, (k) < pglax(k:),Vk,l and the power constraintf L N ¢ tterati
N—-1 or n = . umbper_oi_ 1terations
(L/N)3 =g pq(k) <1.

sinry (k) =

We consider a strategic non-cooperative game in which the for ¢=1:0Q
players are the sources and the payoff functions are their own (n+1) — \WE p(n+1) (n+1) p(n) p(n)
rates: Each player competes against the others by choosing "¢ e A
the PSD that maximizes its own rate, given constraints on
the transmit power, the spectral emissions, and the error end

probability on each link. We use, as optimality criterion, theenOI

concept of NE, which is reached when each user, given t{igere 2, is defined in (4), andVF, -] denotes the water-
power allocation of the other users, does not get any raffing operator, defined as
increase by moving from the allocation corresponding to th e N . PR R N1
equilibrium. In summary, the structure of the game is the’ e (P=a)ly = (11 — insrq (k)] k=0, 7(é)
following: T T
where p_ PP, P4, ...,Pg] , the symbol
4 = {Q{P4}se0, (Ra}aenl 3 » > a denotes the Eu

A
[-]Z, with b > a denotes the Euclidean projection on the
where Q2 {1,2,...,Q} denotes the set of the active linksinterval[a,b], andinsr, (k) is defined as

P, is the set of admissit_>le power allocation stratt_agies, across NS SR |Hrq(k)|2p7,(k)

the N available sub-carriers, for theth player, defined &s insrq(k) = I 2 - ™

5)

snry |qu(k)‘

N-1 . . . .
_ N _ < pmax The water-levely, in (6) is chosen to satlsf_y the constraint
P4 {pqe Ry UNZ Pq(k) =1,pq(k) < pg™(k), Vk o, on the total transmit power. Observe that in the absence of
k=0 . :
(4) spectral mask constraints (i.e whefi**(k) = +o0, V£, q),
and R, is given by (1). Observe that the game studied iquation (6) becomes the classical water-filling solution, and
[1], [2] can be obtained as special case®fin (3), when Algorithm 1 coincides with the IWFA proposed in [1].
no spectral mask constraints are imposed, p;p%)((k) = Sufficient conditions for the convergence of IWFA to the
+00, Yk, q. NE of the game¥ in (3) whenp***(k) = +oo,Vk, q, are
The full characterization of the ganié in terms of NEs given in [1] (for @ = 2) and [2] (for @ > 2) by
was given in [3]. Specifically, it was shown in [3] that a (pure |H,q (k)2 d2, 1
strategy) NE always exists fof, and that every NE can be ,_max {|H(k)|2} P -1 Vorg#rell
achieved using only pure strategies. Furthermore, sufficient “ / (C1)
conditions for the uniqueness of the equilibrium were derivedondition (C1) is also sufficient for the (existence [1]) unique-
in [3], that enlarge all the previous ones available in thgess of the equilibrium.
literature in the absence of spectral mask constraints (suctHowever, in the presence of spectral mask constraints, the
as [1], [2]). results of [1], [2] cannot be used anymore. Our first contribu-
Once proved that a Nash Equilibrium always exists anibn is to provide sufficient conditions for the convergence of
under which conditions it is unique, the problem of how tpWFA given in Algorithm 1, in the general case of spectral
reach such an equilibrium arises. We address this issue in thgsk constraints, according to the following.
forthcoming sections. Theorem 1:IWFA, given in Algorithm 1, convergegeo-
metricallyto the unique NE of the gam& in (3) if one of the

YIn ordergte avoid the trivial solutiopy (k) = p®*(k), Vk, q, we assume, following conditions is satisfied
for eachg, , pg"®*(k) > N. B

20bserve that, in the feasible strategy set of each player, wel', |H,q(k)|*) d3q P L Yaeq
can reglace, without loss of generajiy, the original power constraint, ™ Z kD AD m dTFwT <1, Vg eil
(1/N) Y ltpg(k) < 1, with (1/N) 1 pe(k) = 1, since, at the 9r=1,r#q T aq r¢<aq
optimum, this constraint must be satisfied with equality. (C2)



] 2
L max {Hrq(k)z} d%{l&pqwq <1, Vreq, The factorq € [Q,l) can be interpreted as a forgetting
wr, 4, KPPy | [Hyqg(K)|? ) drg Py factor: The higher isa, the longer is the memory of the
(C3) algorithm; conversely, when, = 0, SIWFA has no memory
wherew £ [wy,...,wg|T is any positive vector, an®, is at all and the algorithm becomessanultaneousvater-filling.

defined asD, £ {k € {0,...,N —1} : [WF, (p_,)], #0, The choice of depends on the channel stationarity and on
for some p_, > 0}, with WF, (-) given in (6). The setD, possible channel fluctuations or estimation errors [3].
represents the se€f0,..., N — 1} possibly deprived of the Remark 4. Interestingly, SIWFA is guaranteed to converge
subcarrier indices that user would never use as the besto the unique NE of the game, under weaker (sufficient)
response set to any strategies used by the other users,cforditions than those required by IWFA, as given in the
the given set of transmit power and propagation channelsllowing [3].
Conditions (C2)-(C3) are also sufficient for the uniqueness Theorem 2:SIWFA, given in Algorithm2, convergeggeo-
of the NE. metrically to the unique NE of the gam@ in (3) if
Proof: See Appendix. | T
The optimal positive vectow in (C2)-(C3) can be obtained C4): »p (H (k)H(k)) <1 Vk=0,...,N-1,

as a solution of a geometric programming [3]. - ) ©)
Remark 1. Note that one can always choosB, = where P (TH (k)H(k;)) denotes Fhe spectral radius of the
{0,...,N — 1} in (C2)-(C3). However, less stringent conMmatix H' (k)H(k) [5], and H(k) is defined as

ditions are obtained by removing unnecessary sub-carriers, |H,o(k)2d), P,

which are never used (cf. Appendix). LH(k)]qr A oo ()2 dly Py’ if keD,ND,,q#r
Remark 2. Observe that, as expected, the convergence of the 0, a ha otherwise.

algorithm is ensured if the links are sufficiently far apart from (10)

each other. Comparing (C2)-(C3) with (C1), we infer that our To give additional insight into the physical interpretation
conditions are larger than (C1); in fact, (C1) implies (C2). Bubf sufficient conditions for the convergence of SIWFA, we
the most interesting result coming from (C2)-(C3) is that therovide the following.

convergence of IWFA is robust against the worst normalized Theorem 3:SIWFA, given in Algorithm 2, convergegeo-
channels| H,.,(k)[*/|Hyq(k)|?; in fact, contrary to what one metricallyto the unique NE of the gam@ in (3) if conditions
could infer from (C1), the subchannels corresponding to the2)-(C3) of Theorem 1 are satisfied.

h|ghest ratiOS|Hrq(k) 2/‘qu(k)|2 (and, in particular, the Proof: See Appendix_ [}
subchannels whergi,, (k)|? is vanishing) do not necessarily
affect the convergence of the algorithm, as their subcarrier
indices may not belong to the sgx,.

Remark 3. Observe that IWFA can be implemented in a oo
distributed way, since each user, to maximize its own rate, .°r
needs only to measure the PSD of the thermal noise plus the
received multiuser interference (see (7)). However, the inner
loop in IWFA represents a bottleneck that slows down the
whole algorithm when the number of users increases, as we
will also show numerically in Section V.
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IV. SIMULTANEOUS ITERATIVE WATER-FILLING

The Simultaneous lterative-Water-Filling Algorithm (SI- omedis ‘ .
WFA) proposed in this paper is an instance of the Jacobi d /%y
scheme [6]: At each iteration, all the users update their own y
PSD simultaneouslyperforming the single user water-filling F'g'f'd Pr‘llbaT"{y\;’f (C1), (C2)-(C3) and (C4) versidsy /dqq; v = 2.5,
solution (6), given the interference generated by the other users " ¢~ "%

in the previousiteration. If such a procedure converges, then, - 1 o). 4 h
by definition, it must converge to a NE of the game. Stated | Since conditions (C1), (C2)-(C3) and (C4) depend on the

thannel realizationg H,,(k)} and on the distance§d,,}
. . . rq 7qJ
mathematical terms, we have the following algorithm. there is a nonzero probability that they are not satisfied for a

— - -(C4), Q=15

L L L
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Algorithm 2: Simultaneous lterative Water-Filling given .setup. In order to compare the goodness of thg above
conditions, we tested them over a set of channel impulse

Setn =0 andpgo) = WF, (p—q), with anyp_, > 0; responses generated as vectors composed of i.i.d. complex

for n = 1: Number_of_ iterations Gaussian random variables with zero mean and unit variance.

We plot in Figure 1 the probability that conditions (C1), (C2)-
p{" ™ = apl™ + (1 — a)WF, {p(_"q)] , YgeQ; (8 (C3)and (C4) are satisfied versus the ratig/d,,. For the
sake of simplicity, we assumed., = dq», P, = P, Vr,q,
I'y = 1. and w. We considered? = 5 (solid lines) and
where &2, and WF, [-] are given in (4) and (6) respectively. Q = 15 (dashed lines) active links. We tested our conditions

end




considering in (C2)-(C3) and (C4) the sBf, as obtained in VI. CONCLUSION

[3]. We can see, from Figure 1, that the probability that the | this paper, we have proposed a new iterative distributed
algorithms converge increases as the links become more afighrithm, called SIWFA, that solves the rate maximization
more separated of each other (i.e., the rafig/d,, increases). game in frequency-selective multi-user Gaussian interference
Itis important to remark that the main difference between o@hannel, in the presence of spectral mask constraints. SIWFA
conditions and those given in [1], [2] is that the probabilitys proved to reach the unique NE of the game faster and
that (C2)-(C3) (or (C4)) are satisfied, differently from (Cl)ynder weaker (sufficient) conditions than the popular IWFA.
exhibits a neat threshold behavior as it passes very rapidiijys SIWFA is an attractive alternative to IWFA. In [7], we
from the non-convergence guarantee to the almost certgigheralize the proposed algorithms to the case in which the

convergence situation, as the inter-user distance #&tifd,, ypdate of the strategies from the users is performed in a totally
increases by a small percentage. Interestingly this threshgignchronous way.

does not depend on the particular channel realization, but only

on the number of users, the number of subcarriers and the APPENDIX: PROOF OFTHEOREM 1 AND THEOREM 3

power budget. A complete proof of Theorem 1 and Theorem 3 is given in
As an example, for a system wit) = 15 links and [3]. Because of the space limitation, here we provide only the

probability of guaranteeing convergence @99, conditions stretch of the proof.

(C2)-(C3) only requirel,,/d,, ~ 4.2 whereas conditions (C1) To derive sufficient conditions for the convergence of both

required,,/d,, > 40. Furthermore, this difference increase$WFA and SIWFA, we will use the following.

as the numbe€) of links increases. Lemma 1:The water-filling operatoWWF, [-] in (6) can be

Remark 5. Since SIWFA is still based on the water-fillingequivalently rewritten as

solution (6), it keeps the most appealing features of the IWFA, .

namely its low-complexity distributed nature. But, thanks to WFq [p—o] = [_msrq]g"q (11)

the Jacobi-based update, all the users are allowed to choggre insr, = [insry(0),...,insr,(N — 1)]7, and &, and

their optimal power allocatiorsimultaneouslywhich makes insr, (k) are defined in (4) and (7), respectively, anf,,

SIWFA faster than IWFA, especially if the number of activgjenotes the Euclidean projection on,. !

users in the network is large (cf. Section V). Proof: The Euclidean projection of the real negative

vector —insrq on the convex set?, is described by the

) ) ) following convex optimization problem:
In this section, we compare SIWFA and IWFA in terms

. e . 2
of convergence speed. In Figure 2, we plot the user rates Minimize [[x — (—insrq)][;

V. NUMERICAL RESULTS

provided by IWFA and SIWFA, as a function of time. In  subjectto 0 < zp<py**(k), k=0,1,...,N —1,
IWFA, time coincides with the inner iterations, whereas in (1/N) ZN—1$ 1
SIWFA time coincides with the iteration index. To make k=0 Tk ‘ (12)

the figure not excessively overcrowded, we report ohlyut  ysing KKT optimality conditions of (12), we obtain the
of 15 curves. As expected, IWFA is shown to be slower thaflesired equivalence between (6) and (11) (see [3] for more
SIWFA, especially if the numbep of active links is large. In getails). The water-filing based optimal solution of (12) in
fact, as clearly shown in the picture, in the iterative procedufge case ofp™ (k) = +o0,Vk, g, was already given in [4,

of IWFA, each user, to update its power allocation, is forcgtamma 1]. ? -

to wait all the other users that are scheduled before it. ForUsing Lemma 1, it is convenient to rewrite the water-filling
example, in the system plotted in Figure 2, the user that 6§Jerator in (11) as

declared to be the last one in the iterative procedure, must

wait all the other users’ updates, i.4 iterations. Instead, WF,[p_g = |-0g— Y Hyp|
with SIWFA all the users update their powers at the same r#q »
time. ’

2.9 1

gé ando, £ I'4(1/snry) {1/ !qu(0)|2

NEMBENMSE e . whereH,., = T, (inr,,/snr,) diag ({!Hrq(k)F/‘qu(k)‘Q}kT)
,...,1/|qu(N—1)|2l :

asp T ] Vr # q, ¢ € . In order to provide a unified proof of both
g2l - ] Theorem 1 and Theorem 3, we introduce the following
Sl 1 mapping. Let be??" = 2 x ... x 2% C 2, where
A ] P L p, € Py:py=WF,[p_g], for somep_, > 0},
/) ] (13)
N7ai i ] is the subset of”, containing all the admissible strategies of
“““““““““ ] userq, achievable as water-filling solution over some positive
PR R aions R R R ER RS interference profile. For any fixed € [0,1), let T(p) =
Fig. 2. Users’ rates versus iterations: IWFA (dashed-line curves) and SIWI{T{(D), ce Tg (p)]T : P 2" pe the mapping defined,

(solid line curves),Q = 15, Ty = 1, dgq = drr, ¥ = 2.5, dgr = drq, for eachqg andp € ymrf’ as
Py = Pr,Vr,q, snrqg =10 dB, andinr,.q = 5 dB.



Introducing the@ x @ matrix H™*, defined as
Tq(p) £ a Pq + (1 - Oé) —0q — Z HT‘qp'r'

1—a) max [H, ,
r#4 2, [Hmax]qr 2 { ( ) k€D, ND, [Elral 77: f Z’ (19)
Observe that all the NEs of the garfein (3) are fixed points @ ’
of T(p), whose existence is thus guaranteed by [3, Theoreid theAvectors . . .
2]. Furthermore, IWFA given in Algorithm 1 is an instance et = [eT,,..-,ery] , and e=le,...,eq]", (20)

of the Gauss-Seidel scheme [6] based on the mapifiy)
in (14) with a« = 0, whereas SIWFA in Algorithm 2 is an
instance of the Jacobi scheme, still based®ip). Hence,
according to [6, Prop. 1.4] and [6, Prop. 1.1], theometric 0 <er <H™¥e, vp) p® c P (21)
convergence of both IWFA and SIWFA to thmiqueNE of
% (i.e. the unique fixed-point dI'(p)) is guaranteed ifT'(p)

with e, ande, defined in (16), the set of inequalities in (17)
for all ¢, can be rewritten in vectorial form as

Using the weighted maximum vector nofifv|’,

is a contraction with respect to the following block-maximum w |24]
P 9 [x||% £ max —L, w >0, (22)
norm ||-|| 7 Wy
IT(p)|| £ max T, (@)l (15) in combination with (21), we haveyp'”),p®*) € #* and
qEQ Wy ’ Yw > 0:
wherew £ [wy, ..., wg|T is any given positive vector. lec||Z < [[H™e|Y < [[H™||Y [le]lY . (23)
We prove now that conditions (C2) are sufficient fB(p)

max ||W H - .
i van(1) — nWT WTr _(2) _ yvhere [[H™ax||7 is the welght(_ad maximum matrix norm
to tQJeTa contr:;xcgon. Givep'") = [p; IEREEY %) o = induced by the vector norr||%, in (22) and defined as [5]
P27, p@TIT € 2", define, for each,

A

Q
1
H™™ | 2 max — > " w, [H™],,, w>0. (24
eTq £ || Hoo man w w [ ]q w ( )

94 r=1

T,(p") = T,(p*) | ande, 2

1) _ (2
pg Pq Hz

(16) Finally, using (15) and (23), we obtain the desired result for

For anypV), p@ € 2" andq € Q, we have the mappindT', as shown next:

T(pY) - T (2>H = Jex™ < [[H™|% [le]™
re= o) T, [T =TE®)| = llexl¥ < [EY el
- : = JEm [p - p®)|[,(25)
(a)
< aet(l-a)||-og— Z H,,p'" vpW, p® e 2% vw > 0. According to (25), the mapping
L T#q 1o, T is a block-contraction with respect to the nofjaj in (15),
~ - if
i Z H,,p [H™|| < 1, for somew > 0; (26)
r£q P which, using (24) and (19), provides (C2) (it is key in this
) T2 step thato < 1).
(b) Convergence of IWFA and SIWFA under conditions (C3),
< ae+(1—-a) Z H,, (pﬁl) - piz))D can be obtained from (26), using [6, Corollary 6.1], as proved
q /o), i3l
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