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ABSTRACT and complexity [15], [18]. We will refer to a space-time code having
Epoth the properties of trace-orthogonality and unitarity amaary
race-Orthogonal DesigUTOD). It is worth of interest to devise
stematic procedures for the construction of UTODs which are able
guarantee full-diversity [18]. In this regard, the schemes currently
own are affected by some drawbacks: the procedure proposed in
2] is able to generate codes only with square encoding matrices;
fhe scheme in [18] extends the construction to rectangular matri-
ces but constraining the number of columns (corresponding to the
hannel uses) to be a multiple of the number of transmit antennas.
oreover, both schemes are able to guarantee full-diversity if in-
ormation symbols are carved from the ring of Gaussian Integers
Z[j] = {z € C|z = a + bj, a,b € Z}, with j = /=1, thus limit-
ing the practical implementation to the use of QAM constellations.
1. INTRODUCTION In this work we propose a systematic procedure for the gener-

Multi Multi-Inout Multi-Out MIMO ¢ h ation of UTODs forany numberof transmit antennas and uses of
ulti-antenna Multi-Input Mult-Output ( ) systems have at- y,q channel, i.e. with rectangular encoding matrices with uncon-

tracted a lot of research in the recent years because of their potentga&ained dimensiods This is useful. besides the considerations in

great increment of spectral efficiency over scattering—rich Wireles(lfls] since augmenting the number of columns of the encoding ma-
cha_nnels [7. A hu_ge literature |s_by now ava_llable on space-tlm rices we may potentially increase the coding gain of the UTOD, as
coding, as the basic tool to exploit the potentials of multl-antennqhe simulations suggest. Moreover we are able to guarantee full-

systems. The basip problem in the design of space-time coding Syal'versity when information symbols are carved from the quadratic
tems is how to strike the best balance between three fundamen dQ(j) = {2 €Clz=a+bj,a,beQ} C Z[j]. This is ex-

issues: i) performance, prically eXPfessed in terms of bit error rat?‘remely useful from a practical point of view, in fact, as the com-
(BER) o, more apprqprlgt.t.aly for fe}dlng chlr?l.nnels,. average BE,R %bonents of any complex number can be approximated with arbitrary
out of service pmb"%b'“tyv i) capaqlty, anq i) receiver complexity. recision by rational numbers, the proposed scheme could be used to
Orthogonal space-time blo_ck chlng_[8] IS an exampl_e of metho(guarantee full-diversity for any conceivable complex constellation.
capable to coI_Ie_ct the full _d|ver5|ty gain, using a very simple SC"?"a The paper is organized as follows. The system model is out-
dgecogerihbut It ;s not\;)p:!m?lé‘lr_c')a\rg_lfhe F;ﬁmdt ofl\élew of C?paﬁlt“ lined in Section 2 where a formal definition of UTOD is provided.
[9]. ©On the contrary, Ver ica-bLAST methods [10] guarante€ Wil |, section 3 we give the necessary and sufficient condition for the
rate, but at_the expenses of diversity gain or complexity. Ha_ssnb_l aNfyistence of UTODs and propose a procedure for its generation. In
H.OChW"?‘ld in [11] proposed a rather gene_ral method to deS|g_n line ction 4 we give the conditions guaranteeing full-diversity and in
dispersion (LD) codes, where the transmitted symbols are dispers ction 5 we provide some practical examples of design. Section 6

over space and time through spreading matrices that are builtin OrOI'facgllows with numerical simulations and some conclusive remarks.
to maximize the ergodic capacity of the MIMO system. In the effort

of designing codes that are guaranteed to have good performance in

terms ofbothrate and BER, Ma and Giannakis in [12] and EI Gamal 2. SYSTEM MODEL

and Damen in [13] provided general methods for building codes ca-

pable of being information lossless while guaranteeing, at the sanfeonsider a flat fading MIMO system withr transmit andn i re-
time, full-diversity. An important property of linear space-time en- ceive antennas. After matched filtering and symbol-rate sampling,
coders that emerged relatively recentlytrisce-orthogonality{14],  the input-output relation can be written as

[15], [16], [17], [18] that is the property of a linear space-time code

to have encoding matrices orthogonal with respect to the trace inner y=Hzx+w, (1)
product between matrices. Trace-orthogonality is the key property e X . o
for lossless information transfer, and together with the additionalVhereH € C"#="7 is the changel_matrlxz: € C" is the vector
property (5), that we refer to asnitarity, comes in useful to find of transmitted symbols and € C™E is the noise vector. Assuming

suboptimal methods to achieve a good balance between rate, BERE channel constant ovey consecutive channel uses (quasi-static
fading), stacking the transmitted vectors and the received ones in

Trace-orthogonality is an important property of linear space-tim
codes that has emerged relatively recently. In this work we proposg
a quite general procedure for the generation of such codes for a
number of transmit antennas and uses of the channel. Simulatiof}
suggest that the use of rectangular encoding matrices, in place
square ones, could be beneficial to the coding gain. Moreover
are able to guarantee full-diversity of the proposed codes when i
formation symbols are carved from the quadratic fi@ig)). Since
the components of any complex number can be approximated with
arbitrary precision by rational numbers, our scheme could be used
guarantee full-diversity for any conceivable complex constellation.

This work has been supported by the project 1ST-4-027187-ST
SURFACE funded by the European Union. LApart from the constraint that guarantees UTODs existence.




matrices, we obtain the following relation which can hold true only if) > nr. Sufficiency is a consequence
of the existence of a procedure for generating matridgswhen

Y=HX+V, (2) @ > nr. Such a procedure is described below. O
whereV is thenr x Q received noise matrix, ani’ is the space- For the sake of clarity, it is useful to refer to the encoding matri-
timenz x @ code matrix. We assume that information symbols areces by means of a two-index notatighy ;, withi = 1, ..., nr, and

encoded intaX using a full-rateUnitary Trace-Orthogonal Design j=1,...,Q. The link with the notatiom, withk = 1, ..., Qnr,
(UTOD) [15]. That is a vector ofis = nrQ (full-rate condition)  ysed so far, is settled by the following relation

complex symbolss = (s; s2 --- s,.)7 is mapped onto the code
matrix X according to the rule Agi1)g+j = Aij s ®)
ns wherei € {1,2,...,nr}, andj € {1,2,...,Q}.
X = ; Ak @) Synthesis of UTOD encoding matrices with sizex Q (Q > nr)
) ) ] 1. Generate anr x @ Latin rectangleL,,,, xq-.
where the encoding matrices, (k =1, ..., n) satisfy the follow-

2. Build the@ matricesSy (k = 1,...,Q) with sizeny x Q

ing relations which define a Unitary Trace-Orthogonal Design: according to the rule

H .
w(AfA) =0 kjE{lond @ {Sk(z’,j) = Io(Lnrxa(i,k), ) ©
p=1,... ) =1,... .
whered;, denotes the Kronecker delta, and ! e ) e @
a1 In words, Sy, is built® collecting thenr rows of I with in-
AA; = EI'HT7 ie{l,--,ns}, (5) dices belonging to th&-th column of the Latin rectangle.
o _ ) 3. Generaté) unitary matrice$W ) (k = 1, ..., Q) with size
whereInhdenotgs the. x n identity matrlf)fg. In[15], and [16f] it ‘I’Vfisl nr X nr, having constant moduldiglements, and denote by
proven t' at (4) is a necessary a_nd sufficient condltlon_ or lossless w® G =1,... nr)the j-th column of W *).
information transmission and (5) is a necessary and sufficient condi- J ; )
tion, for the decoder composed by the cascade of the linear MMSE 4- Generate anr x nr unitary matrixU.
estimator followed by hard decision, to achieve minimum BER. 5. Generate & x @ unitary matrixR.
6. Synthesize encoding matricgs, »., for j = 1,...,ny and
3. UNITARY TRACE-ORTHOGONAL DESIGN SYNTHESIS k=1,...,Q, according to the rule
. . . - . _ : (k)
In this section we give a necessary and sufficient condition for the Ajr = U diag{w;"}SyR, (10)
existence of UTODs and provide a systematic procedure for gener- . . . .
ating a large class of such encoding matrices. Wheredlag{wg.k)} denotes the diagonal matrix whose diag-
Before proceeding, we start recalling the notioriafin rectan- onal elements are the component&mﬁf“). If @ = nr, the
gle. A k x n Latin rectanglds ak x n matrix® L, in which each encoding matrices can be synthesized also according to the
of the numberd,, 2, ..., n occurs exactly once in each row and at rule *)
most once in each column. Whén= n, the special case dfatin A =USidiag{w; '} R. (11)
squareresults. For each size, there are many different ways to gen=
erate a Latin rectangle. As an examplg & 4 Latin rectangle can To prove that this procedure generates a Unitary Trace-Orthogonal
be built asLsx4(i,§) = (j —3) mod 4+ 1,fori = 1,...,3,and  Design, it is useful to remark some properties of ma&i intro-
j=1,...,4, and results in the following array duced in (9). More precisely we have:
1 2 3 4 L 5481 = In;
Lia=l4 1 2 3|. (6) 2. 8,8, with k # 4, has all entries on the main diagonal equal
3 4 1 2 to zero. WherQ = nr, the same holds true f&F S .

) ) ) We are now ready to prove that (10) and (11) constitute Unitary
Itis useful to remark that in a Latin rectangle any two columns haverrace-Orthogonal Designs. For the sake of simplicity, in the sub-
the elements with the same row index different. This property willsequent proof we make explicit reference to (10) only. Following

be exploited in the construction of the coding matrices. similar arguments, we can prove the same results for (11).
Now, let us consider the problem of existence for UTODs which| gt ys start showing thad, ;. in (10) satisfies (7):

is answered by the following theorem

) . . . A A= Udiag{wg-k)}SkRRHSkH diag{w§k)}HUH
Theorem 1. A Unitary Trace-Orthogonal Design with encoding ma- 1

trices Ay (k = 1,...,Q - nr) having dimensionsir x Q = Udiag{w§k)}d1ag{w§,k)}HUH = —1I,,., (12
existsif and only if @ > np. nr

. . (k) 3: (K)yH _ 1
Proof. Necessity stems from the fact that for a UTOD, encodingSincediag{w ;" } diag{w ;" }*" = 7= Iny. _
matrices satisfy To prove orthonormality, we consider the following cases for the

indices of matricesd;, », and.A;, x,:

1
H
ARAL = EInTu k=1,...,Q -nr, (7) 3Using Matlab notation for indicesSy, = Iq(Lypx(:, k), :).
4We may choos@V () = W) = ... = w(Q),

2k < nis assumed. 5The modulus must necessarily Rél /nr.




e ki # ko. Inthis case 4. FULL-DIVERSITY UNITARY TRACE-ORTHOGONAL
DESIGN

tr (AjhklAJIé,kz) . . . L
A Unitary Trace-Orthogonal Design can guarantee full-diversity, if
=tr (diag{w;'fl)}SklS;’f2 diag{w§.’;2)}H) =0, it is generated according to the following theorem.
Theorem 2. Assume that information symbols are carved f@(),

. oo . o .
in with i matrix with zero di nal . . )
sincesS,, Sy, with ki # ks is a matrix with zero diagonal "™ any Latin rectanglel,.,. <o, consider a full-rate Unitary

elements and the multiplication by any other diagonal matri i i X " .
does not change this characteristic. X;I'lrg;e-Orthogonal Design with the following positions in formula

e ki = kyandji # jo. In this caseSy, St, = I, and thus
U is anynr X nr unitary matrix,

tr (Ajl,kl Ag,z@) =tr (diag{wyfl)} diag{wy;l)}H) Ris anyQ x Q unitary matrix,
a1 T ke W ® = % F diag{l,w,..., 0" " k=1,...,Q), (13)
~ [wl]” Juwl] = o. { b )

] o whereF is the IDFT matrix of ordenur, i.e., forh,l € {1,--- ,nr}
since fork; = ko distinct columns o (1) = W (¥2) are IS MR L . R
orthogonal. F(h,l) = g € »T . Then, it is a full-diversity Unitary

. . Trace-Orthogonal Design it has unit modulus and is algebraic of
e k1 = ko andj; = j2. In this case from (12) it follows 9 9 ] j2m 9
degree at leastr over the field Q(j, e’ »7 ), and#s,...,0¢ are
tr (Ajl,klAg,@) -1 real algebraic numbers linearly independ&over the rationals.

Proof. Since|w| = 1 andd, € R, W is a unitary matrix with
The proposed procedure is quite general and allows the generati@@nstant modulus entries. Thus the proposed scheme is a Unitary
of alarge class of UTODs due to the degrees of freedom we have ifrace-Orthogonal Design. So, let us prove the full-diversity prop-
choosing the design matricd8, W™ (k = 1,...,Q), U, and  erty. According to the rank criterion [8], ML decoding achieve max-
Latin rectangleL,,xq. This generality is extremely useful for imum diversity if the error matrix&(s’,s") = X (s') — X (s")
optimization purposes. It is worthwhile noting that (10) and (11)corresponding two any pair of different encoded symbols veators
subsume, as special cases, previously known information losslegsd s/, has full-rank. Let us build such a matrix taking into ac-
space-time codes. In particular, whén= nr, settingU' = R =  count the assumptions of Theorem 2 and using a two-index notation
I, in (11), we obtain theshift and multiply basés proposed i poth for the encoding matriced; , and the information symbols
[14]. Moreover, thefull-diversity full-rate (FDFR) complex-field s}, ands?,, wherej € {1,...,n7} andk € {1,...,Q} since
space-time codes proposed in [12] belong to the class of UTODsye assume full-rate design. Denote by, = s, — s}, 2x =
Ibn fact, using the complex paramet,érgnd the _unltary matr®, PR ZnTJC]T' andz = [27 .- ZS}T. Note thatz; , € Q(j),

oth defined in [12, eq. (8)], FDFR coding matrices can be generategce the symbols are carved fradf;). We have

through (11) setting) = nr, Ly ; xnp(4,7) = (i—Jj) mod np+1

withi,j € {1,...,n7},U = R = I,,, andW® = gk-1@, Q nr

This result is important since it demonstrates that it is possible tqank (5(3’7 s”)) — rank (U [Z Zdiag{wﬁk)}skzj,k] R)
achievefull-diversity using a Unitary Trace-Orthogonal Design, at s'#s” =70 =1 =1

least for square encoding matrices. Actually, UTOD allows for full- o ey

diversity,for any numbeiof transmit antennas and channel uses — rank Z diag Z w(_mzj LSS

Q, as the results of the next section demonstrate. Moreover, within z7#0 \ i = 7o

this context, it is noteworthy to put in evidence the tight connec- o

tion between codes generated through our procedure, though slightly . . (k)

modified, and threaded space time coding [13]. In fact, looking at a ‘"3;%‘ ; diag {W z’“} Sk |- (14)
step (3), we may relax the requirements for matrig®s*), giv- =

ing up the constraint on constant modulus entries. The coding M&ote that since the multiplication by unitary matrices does not alter

trices generated in such a case constitute a Trace-Orthogonal Dgye rank it is proved that diversity is not affected by the choict/of
since (12) fails short. However, in this case, they provide us;ngR. Now, using (13) we get

sign
with the ability of generating information lossless Threaded Alge-

braic Space-Time (TAST) codes [13]. In fact, with reference to the w2,
complex parameteg;, and the unitary matrix\/,, both defined
in [13, eq. (5)], we get symmetric TAST codes settiRg= nr,

Lyyxny(i,7) = (i — j) mod nr + 1 with i¢,5 € {1,...,nr},

U=R-=1I,., andW® = ¢, M. Itis worthwhile not-
ing that the threaded structure of the code is guaranteed by matri- 8¢, 45, ..., ~,) is the smallest field containing and the numbers

= &% F diag{1,w,...,w"" "}z = ¢%¢;, (15)

with ¢ = Fdiag{l,w,...,w"T " }2z;. Denoting bycs(I) and
zr (1) the I-th component of vectors;, and z, respectively, (15)

cesSy (k=1,...,Q) at step (2) of the procedure. These last, iN~; 5, ..., v,.
turn, depend on the current choice of Latin rectadglg: »,., which 9Complex numbers, ..., z¢ are linearly independent over the ratio-
actually settles the threads. nals if 2321 arzy = 0 < a1 = --- = ag = 0, when
ai,...,ag € Q. Note that independence over rationals is equivalent to
6They have many traits in common with layered space-time coding. independence over integers, whére substituted td), in the former defin-

"That is only (4) holds. ition.



implies the hypothesis on linear independence over rationads of - , 0¢,
which implies that
j2r(l—1)(r—1)

nr
ci(l) = L Z e nr ze(r)W™ ™, (I=1,...,n7).

nr
VT = nrby =Y 0i, < 0, =06; (21)
(16) =1 '
Because of the hypotheses, " zy(r) € Q(j,e"7 ). and  \o0ardless of the values of, € {1,2,---,Q}. This is sufficient

sincew is algebraic overQ(y, eJ"T) with degree at leastr, the  to guarantee thgtM (c;)| # 0. This proves that for any choice of
sum?® in (16) is zero if and only ifz, = 0. This means that;, error vectorz # 0, i.e. any choice of symbol vectors # s”,
has all entries different from zero if and only4f, has at least one there exists amr x nr minor of error matrix=(s’, s”) which is
non-null component, that is non-null, that is=(s’, s”) has full-rank. The proof is complete (I

nr It is worthwhile noting that the result of Theorem 2 can be greatly
ze#0 =  J]e#0. (17)  strengthened. It is possible to prove [19] that choosingarefully,
=1 UTOD can guarantee full-diversity when information symbols are
carved from the field o&lgebraic numbersAs a consequence full-

Moreover, it is evident from (16) that (/) is an algebraic number. giversity can be guaranteed for any practical complex constellation.
Substituting (15) in (14), we get, eventually

Q 5. DESIGN EXAMPLES
rank (E(s’,s”)) = rank (Z ok diag{ck}Sk) . (18)
k=1

s'#s! z7#0 We show now examples of application of the scheme proposed in
Theorem 2. Since the choice of Latin rectandglg,. x¢, and uni-

The conditionz # 0 is equivalent to say that there exists at least onetary matricedJ and R does not affect the diversity, we concentrate

indexk (1 < k < Q), for which z; # 0. This implies, according on settlingw, ands, 62, - -, 6. In the sequel we use the fol-
to (17), that for the same index we halg'%, ¢;(I) # 0, which  lowing notation: [F : K] denotes the degree of the extension field
comes in useful in proving th&(s’, s”) in (18) is full-rank. Tothis  F/K; ¢(n) is the Euler’s totient functionicm(n1, nz, -+ ,nar) is
end, let us consider ther x ny submatrixM (c;) of E(s’,s”)  the least common multiple of;, n2, - - - ,na. We assume that the

gathering the elements of. Note that the entries @f; span exactly reader is familiar with the basic definitions in algebraic number the-

nr rows andnz columng?, so their indices univocally single out Ory, which can be found, for example, in [2].
M (c;). The submatrixM (c;) has the important property that it is
full-rank. To prove this statement, let us develop the determinant 51, The determination of w

A possible choice is:

nr )
|M(C;€)‘ = Z Sgr{klv T 7k”T] H Ciy, (l)ejglkl , (19)
=1

ki kg w = ejz%, with K any prime number greater thany. (22)

where the sum runs over all permutations of the sequénce, nr),  In fact, according to Theorem 2; has to be unit modulus and al-
. . . - 27
sgnki, - -+, knp] € {1,—1} is the sign of a permutation [1], and gebraic of degree at least; over the fieldQ(j, ¢’ 7). The last
index iy, € {1,2,---,Q}, with current value depending on the cgndition is equivalent to require
submatrix M (c;). Regardless of the values of,, (19) is a lin-
ear combination with algebraic coefficients of exponentials of the QG 61'5—; W) : Q3 e]’,’f—;)] > np (23)
T g ) ) . ) = .

form e >1=1 %] where each exponeff >~;'7, 6;, | is an alge-

braic number. Resorting to Lindemann’s theoremI[S] we can prove&Choosingw = ¢/ %, K is to be determined in order to satisfy (23).

that| M (c;,)| # 0 if we are able to show that (19), after collectthg  To this end we exploit the relation among the degrees of successive
equal exponentials, has at least one non-null term. Actually this ifield extensions

the case, in facM (c;) has been chosen to gather all the compo- .

nents ofc; and, as a consequence, sum in (19) has to contain the[Q(y, eﬂﬁ7 67'27”) :Q
term o

: (ﬁ c,;(D) T, (20) e
=1

which is equivalent to
where sign depends oM (c;). We observe that (20) is non-null,
since[]%, ¢, (1) # 0, and moreover it is the only term in (19) 5 .
which contains the exponentiai”7%. This is a consequence of = [QU, 7T, FY) Q7T )] - ¢ (lem(4,nr)), (25)

- 27

):QU, e )] - [QU, ) Ql, (24)

=

¢ (lem(4, nr, K))

0 . . o . _ Cam g i2n ) )
Note that (16) |523 polynomial of degree at mest — 1 in w with sinceQ(/, T el 1 ) andQ(j, & ") are cyclotomic extensions

Jam
coefficients inQ(j, e * ). of Q, whose degree is a known function ¢f-) [4]. Using (25),
This is due to the fact tha}, has onlyns non-null entries which are  relation (23) is satisfied if{ is such that
equal to 1 and spany rows andn columns. Moreoveijg:1 Siisa
matrix of all ones. ¢ (Iem(4, nr, K))

2Note that collected coefficients are again algebraic numbers ¢ (lem(4, nr)) 2nr. (26)



Noteworthy, inequality (26) is satisfied K is taken to beny prime
number greater tham. Let us prove this claim fd¢ nr > 2. If
K is prime and greater thanr, then it is coprim&' to lem(4, nr).
As a consequence the numerator of (26) can be written as

é (lcm(4, nr, K)) =¢ (K : 1CH1(4, TZT))
= ¢(K) - ¢(lem(4,nr)) = (K — 1) - ¢(lem(4, nr)), (27)
where the properties af(-) have been exploited. Substituting (27)

in (26) the resulting inequality is always satisfied sirf¢e> nr,
and (22) is proven.

5.2. Thedetermination of 61,02, ...,0¢

Among several viable alternatives, a possible choice is:

—— FDFR 2x2
- - uTOD 2x2
— UTOD 2x3

Fig. 1. Average BER for QPSK in @ x 2 MIMO system with ML decoding.

FDFR with2 x 2 encoding matrices (continuous line with dots) versus full-

gk:Bk717 ]’C:l,...,Q,
whereg is any real algebraic number of degree at I€2stn such a
case, in fact, the firsp — 1 powers ofg3 are linear independent over
the rationals. For example, we may chogse= ¢/p, wherep is
any prime number. The corresponding minimal polynomial is indeed [4]
9 — p, which, according to Eisenstein’s lemma [2], is irreducible
over@Q.

An alternative choice is based on a result from Besicovitch [5],
which states that the square roots of distinct squaré¥iategers
are linearly independent over the rationals. Thus, we may choose:

6k:\/pk:a 7Q7

wherepq, ..., pg are distinct square-free integers.

Again, following Besicovitch it is possible to prove [6] that the
reciprocals of the numbers in (29) are linearly independent over the
rationals. Thus, an alternative choice is:

(28)

(3]

(5]
(6]

kE=1,... (29) 7

(8]

9]

1,...

,Q, (30)  [10]

wherepy, ..., pg are distinct square-free integers. Note that prime

numbers are an example of square-free integers. [11]

6. SIMULATION RESULTSAND CONCLUSION [12]

In Figure 1 we consider a MIMO system withr ng = 2
affected by flat Rayleigh fading with uncorrelated channel coeffi-[13]
cients. Information symbols are carved from a QPSK constellation
and ML decoding is assumed. We compare the BER, averaged over4)
10* channel realizations, of FDFR scheme in [12] with two different
UTODs, generated using (30), havidg 2 and2 x 3 encoding matri-

ces. The simulation suggests that increasing the number of columrjgs]
of the encoding matrices could be beneficial to the coding gain.
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