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Abstract— The computation of the channel capacity of discrete continuous Gaussian channel, the characterization simplifies
memoryless channels is a convex problem that can be effi-to a convex problem which can always be numerically evalu-
ciently solved using the Arimoto-Blahut (AB) iterative algorithm.  4:a4 in an efficient way. For the discrete memoryless MAC

However, the extension of this algorithm to the computation of o . .
capacity regions of multiterminal networks is not straightforward (DMAC), however, the characterization is not in the form

since its computation gives rise to non-convex problems. In this Of @ convex problem and, as a consequence, there is no
context, the AB algorithm has been only successfully extended efficient algorithm to compute the capacity region in practice.
to the calculation of the sum-capacity of the discrete memoryless |n this context, many authors have recently contributed toward
multiple-access channel. However, the computation of the capac- he computation of the sum-capacity (total capacity) of an
ity region still requires the use of computationally demanding bit DMAC 1111 112 d lqorithm for it i
random search algorithms or brute force (full search) methods. arbitrary . [11] [12], and an algori m_ or_ IS exac

In this paper, we first give an alternative reformulation of computation has been found [13]. Other applications of gen-
the problem that identifies the non-convexity as a rank-one eralizations of the AB algorithm can be found in the context

constraint. We then propose an efficient algorithm to compute of the computation of channel capacity with side information
outer and inner bounds on the capacity region by relaxing the [7].

original problem and then by projecting the relaxed solution onto . . . .
the original space variable via a minimum divergence criterion. ~_kegarding the computation of the whole capacity region

There exists a class of channels for which the proposed Of the DMAC, not much work has been done due to the
algorithm can be shown to compute exactly the capacity region. intractability of the problem because of its non-convexity. As
As an illustration, we analyze two particular channels, the binary g consequence of the non-convexity, brute-force algorithms
adder MAC and the binary switching MAC, in detail. In the o an4om search methods seem to be the only alternative
general case, the algorithm is able to compute very tight bounds ) . . -
as shown by simulation. to compute inner bounds on the capacity region with no

guantification on the suboptimality.
|. INTRODUCTION In this work, we show that the key difficulty in computing

The characterization of the capacity of an arbitrary singl#e capacity region of an arbitrary DMAC can be identified
user memoryless channel is a problem that admits a singks- @ rank-one constraint (a non-convex constraint) in an
letter representation in the form of a maximization of @ptimization problem. Such type of problems cannot be solved
concave function over a convex set. This is a convex problegptimally in polynomial time and suboptimal methods must be
that can be numerically evaluated efficiently in practice (i.eused. In particular, the use of relaxation methods provides near
with a polynomial time worst-case complexity) [4]. For thedptimal solutions in polynomial time (e.g., [10]). Relaxation
continuous Gaussian channel, for example, the solution adniitsthods are based on (1) replacing the rank-one constrained
a simple closed-form characterization. For the DMC there pgoblem by an approximate (not equivalent) tractable convex
no closed-form expression but we have the popular practigapblem; (2) generating a potential solution belonging to the
Arimoto-Blahut (AB) algorithm [2] [3]. variable space of the original problem from the solution of the

In contrast, for the general multiuser case we do not eveglaxed problem.
have a characterization of the capacity region. Fortunately, forAfter having identified the source of the non-convexity as
the multiple-access channel (MAC) we also have a singla-rank-one constraint, we propose a relaxation method for the
letter representation of the capacity region [1] [9]. Howevegomputation of the capacity region of an arbitrary DMAC that
the characterization is not in the form of a convex optimizatioprovides us with an inner and an outer bound of it. Therefore,
problem as happened in the single-user case. Again, for the proposed method quantifies how suboptimal the computed

solution is with the difference between the outer and the inner
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the subclass of channels with identical inner and outer bourmfsthe capacity region can be parameterizedéfar [0, 1] as
and the subclass of channels with strict outer bounds and

tight inner bounds. For illustrative purposes, we analyze{fgrg‘";‘x}!gizgx , ORy + (1 —0)Ry (5)
1,412,5°X7,5° X

representative example of each subclass: the Binary Switching_, . < <

MAC (BS-MAC) and the Binary Adder MAC (BA-MAC, also ubjectto 0 < Ry < 1(Px,, Pxy, Prixixa) (6)
called Binary Erasure MAC), respectively. Additionally, we 0 < Ry < In(Px,, Px,, Pyix, x,) (7)
provide a non-deterministic example DMAC for which the Ry + Ry < Lio(Px,, Px,, Pyix, x,) (8)
proposed algorithm is also optimal to show tHatis not a ZPXk () =1, Px, (zx) > 0 Vg € X,(9)

subset of the class of deterministic DMACs. Unfortunately, we
have not been able to characterieanalytically. However,
computer simulations of the proposed algorithm for variouhere expressions (6)-(8) correspond to the right hand sides
channels show that it performs indistinguishably to the optim@f (1)-(3), respectively, instantiated for the DMC
solution obtained with a computationally intensive brute-force R Py x,x, (y|2122)
full search approach. 11:ZPX1X2y(x1,$27y)10gEP ()P ( ‘m,x()l )
The structure of this paper is as follows. Section Il intro- ®1:22¥ o XY I X W T2
duces the problem of the computation of the capacity region
of the DMAC and reformulates it as a rank-one constrainedzészl)(ﬂ(xl,$27y)10g
optimization problem. Section Il describes the proposed =122y
relaxation-based algorithm for the computation of inner and
outer bounds on the capacity region. Then, Section IV providészéz Px, x,v (71, 22,y)log
the results on the optimality of the proposed algorithm for =zi.x2.y
the BA-MAC and the BS-MAC. The performance of the
proposed algorithm is showed in Section V. Finally, SectidNote that the solution$’;. (x1;6) and P, (z2;6) generally
VI concludes the paper. depend ord. For eachd, the problem (5)-(9) computes the
intersection between the contour of the capacity region and
a tangent hyperplane with normal vectar= [0, 1 — 6]7.
Il. THE CAPACITY REGION AS A RANK-ONE CONSTRAINED Hence, the capacity region is obtained when (5)-(9) is solved
OPTIMIZATION PROBLEM for all 4 € [0, 1]; in other words, the solutiongR} (6), R3(6))
are samples of the boundary 6f
The computation of the capacity region of an arbitrar
DMAC (a convex set) is a non-convex problem. This problef- A rank-one constrained optimization problem
can be formulated in a matrix form that identifies the non- The problem (5)-(9) of the computation of the capacity
convexity as a rank-one constraint. region is non-convex because the constraints (6)-(8) are not
jointly convex in Px, and Px,. For instance, the RHS of
the constraint in (8) is not concave (note that it should be
concave for the problem to be convex). To see this, observe
that even though: log(1/x) is concave, the composition with
a linear combination of termsy is no. Similar reasonings
may be applied to the constraints (6) and (7) to obtain again
that the lack of convexity follows from the product terms

Tk

Pyix,x, (Yleiwe) )
> Px, (x5) Py|x, x, (y|z125)
P

Py |x, x, (y|r172)
> Px,x,v (27, 75,y)

A YA
xh,Th

12)

A. The problem of the capacity region

The capacity regiog of the two-user DMAC is the convex
hull of the set of rate pairéR;, R2) satisfying

0< R < I(X1§Y‘X2) (1) PX1 (Il)PXQ($2).
0< Ry < I(X2;Y]X)) (2)  Although the problem (5)-(9) is not jointly convex in
Ri+ Ry < I(X1X5;Y) (3) (Px,,Px,), it is separately convex in each of the input
probability distributions. This wo(u!d aIIoE/v us to( Eerform an
L . 0 0 1
for some choice of the distribution Py, x,y = alternate optimization procedurBy ' — Py — Py’ — ...,
Px,Px,Py|x,x, on X1 x Xy x ), where the input where P)(g;) denotes the optimal solutiox, at the n-th
alphabets can be characterized as iteration. However, alternate optimization procedures applied
to non-convex problems only converge to local maxima of the
X, = {xél), o 71,](€\Xk\)}’ k=12, () cost function.

Interestingly, if we allow the variableX’; and X, to be
dependent with joint distributio®x, x,, then problem (5)-(9)

Px;. is the input probability distribution of the-th user ¢ = becomes convex (recall thafog(1/x) is a concave function).

1,2), and Py x, x, is the given conditional distribution that
depends on the nature of the channel. It is well known ¢hat ;o i oiiciny assumedPy, x,y = Px, Pxy Py 1x, x,.

is a convex set [6, Thm. 14.3.2] and hence, by applying the s sufficient to verify that the Hessian ¢z, y) = zylog(zy) has one
supporting hyperplane theorem [4, Sec. 2.5.2], the computatignitive and one negative eigenvalue(aty) = (1/v/2,1/v/2).



We will now reformulate the problem with a matrix-vectomproblem
notation. Each of the input probability distribution8x,

admits a vector representation of the form (pmEdmize - OF + (1= 0)R, (19)
) _ subjectto 0 < R; < f1(P,p2) (20)
= Px,<=[pili= Px, (2{"),1 <i < |X|, k= 1,2, (13

Pr = Px, <= [pr]i= Px,(z;),1 <i < | Xy (13) 0< Ry < fo(P.p1) 21)
while the joint distribution admits the matrix representation Ri 4+ Rz < f12(P) (22)
o Pl=p;, P'l1=p (23)

= J— (@) .9 1, 2
P= PX1X2<:>[P]1,] PX1X2($1 y Lo )? (14) P>0, 1TP1 =1 (24)
for1 <i< | andl < j < |Xyl. rankP) =1, (25)

Then, defineP,..q as the subset containing all tipeoduct

distributions(Px, , Px, ) of X; and Xa, where the functiong; (26), f> (27), andf;2 (28) are concave

in (P,p2), (P,p1), andP, respectively.
Proof. See the Appendix. |
While (24) ensures thd® is a feasible probability matrix, (25)

for some feasiblé Py, , Px,) on X; x XQ}. (15) constrains it toPy.q (See Lemma 1), and (23) relatBswith
its marginals.

Lemma 1:For any probability matrixP € RI*:/*I%l je,, lIl. THE PROPOSED RELAXATION METHOD
with non-negative entries and such thay, ;[P]; ; = 1,

Poroa = {P € RVIXI1 | [P, ; = Py, (2" Px, (a)

The only non-convexity that makes the computation of the
_ capacity region a hard problem is the rank-one constraint in

P € Prrog & rank(P) = 1. (163 (25) that forces the joint probability distributioR to be a
product distribution. If (25) is removed, the resulting convex
problem is equivalent to solving the capacity region of a
POMAC with arbitrarily dependent codewords. This relaxation
will be adopted in order to obtain good approximations of the
solutions to (19)-(25).

By removing the rank-one constraint, the region obtained
with the relaxed problem, that we will denote B?, becomes
an outer bound on the true capacity region. Two situations

ay occur depending on the optimal solution of the relaxed
B}oblem (19)-(24) for a givedd, P*(60).

1) rankP*(0)) = 1. The relaxation method solves opti-

Proof: This follows from the fact thaP = p;p? if an
only if P € Pyrod.
Using Lemma 1, the following simpler equivalent descri
tion of Pyeq Can be given

Pp,od:{P e R 1%l rankP) = 1, P~ 0,17P1= 1}, 17)

where = denotes component-wise inequality ahds an all-
one column vector of appropriate length. The original proble
(5)-(9) can now be expressed in an equivalent matrix for
formulated in terms oP € Py4, the joint distribution ofX;
and X, and its marginalp, andp-, making use of expression

(17) and the fact that mally the original problem (19)-(25) at the givéh If
rankP*(9)) = 1 holds V8 € [0,1], R® = C and the
Pl=p;, P71=p,, (18) whole capacity region is optimally computed.
2) rankP*(0)) # 1 (this will be the case in general). We
i.e., thatPyx, and Py, are the marginal distributions @y, x.. will need to project P*(6) onto Pyrod.

The following reformulation of the problem is the key pointn this work, we will apply an projection based on the
of the identification of (5)-(9) as a rank-one non-conveKullback-Leibler divergenceD(-||-) to approximate an arbi-
optimization problem. trary joint distributionP by a product distribution of the form
Proposition 1: The problem (5)-(9) of the computationq;ql defined onX; x A,. The divergence has been used in
of the capacity region of an arbitrary two-user DMAC ig5] and [8] as the criterion for approximating joint discrete
equivalent to the followingank-one non-convex optimizationprobability distributions given a dependence tree, although

Py|x,x, (ylz? 2 [pa);

hH(P,p2) = Z[P]i,jpnxlxz(y\x(li)mg))k’g G (26)
1,7,y Zi’ [P]i/sjPY‘X1X2 (y|l’(1 )‘ng))
. D G [p1]i Py x,x, (o 2§
£(Pp1) 2 Y [Pl Prix,x, (ylat)2y) log ‘ L (27)
iy > [Plij Pyix, x, (ylay a5 )
i) .(5)
IRC PYXX(ZU|$(>$ )
f2(P) 2 3 [Pl Pyix,x, (yl2t72$) log XX, ol 2 (28)

i,y Zi’7j’[P]i’,j’PY\X1 Xo (U|Tgl )Ié] ))



here the purpose is different. The use of the divergence as tiigere the sum is taken over the natural numbers. In this case,
measure that quantifies the quality of the approximation offemsne of the users has access to the channel in privileged con-
several advantages, the most useful one being that, for fixditions. There are two input combinations that can be correctly
P, the problem of finding the paifq;,q2) that minimizes decoded without ambiguity(X,, X2) € {(0,0),(1,1)}), and
D(P||q:q?) is easily solved by showing two input combinations where the decoder has ambiguity
T T about both users. Therefore, for this channel the capacity
D(Pllaiaz ) = D(P|lp1pz) + D(p1llar) + D(p2a2)(29)  yegion must be symmetric with respect & and Rs.
> D(P|[p1p3), (30)  Proposition 3: The achievable rate region of the proposed
algorithm equals the capacity region for the BA-MAC [9].
Furthermore, the inner and outer bounds on the capacity region

from where it follows(qy,q%) = (p1,p2). Hence, in order
to get an approximation of, it is sufficient to solve (19)- . : -
(24), take the marginal distributions of the solution, plug the rowdsd by the proposed algorithm do not coincide, .=
into (5-9), and solve it in(Ry, R2) (the problem (5)-(9) is C R

convex for fixed input probability distributions). The solution V. SIMULATION RESULTS

of (5)-(9) in terms of (R, R,) defines an inner boun®’,
that, together with the outer bouri@®, is the output of the
proposed relaxation method.

In this section we validate the performance of the relaxation
method proposed in Section Il over a non-deterministic chan-
nel in order to show that the cla$s is not a subset of the
IV. ANALYTICAL RESULTS class of deterministic DMACs.

Let us analyze the bynary-inputs ternary-output DMAC

Let us denote bk the class of discrete MACs for which 8haracterized by the transition probability distribution

the relaxation method of Section Il computes optimally th

capacity region. For some channels ki) optimality of_the 0.2 03 0.5
proposed relaxation method can be proved by showikhg- P 1 07 02 0.1 33
R° = C. A representative example of this class of channels is YIXiXa =1 05 01 04 |’ (33)
the Binary Switching MAC (BS-MAC). For others, we may 0.3 04 0.3

i o ' H
?SX?IZ/IQAC_:)C C R? asitis the case of the Binary Adder MAthere the columns represent the different element® 6t

{0,1,2}, and the rows correspond to the natural ordering of
A. The Binary Switching MAC [14] [15] the inputs. The channel (33) is used in [13] to illustrate the
performance of the algorithm for the computation of the sum-
apacity.

We apply the proposed relaxation method to compute the
inner and outer bound®’ andR°, respectively. Additionally,

The binary switching MAC is a binary-inputs, ternary
output (Y = {0, 1, c0}), deterministic multiple-access channef
whose input-output relationship is

0 if (X1,X2)=(1,0) we consider the achievable region of a brute force random
Y=X/X1=< 1 if (X1,X9)=(1,1) . (81) search algorithm, denoted b, as a benchmark. The com-
oo if X1 =0 parison is shown in Figure 1, where it can be seen®Riand

R° coincide. This means that the capacity region in this case
has been effectively computed.
Numerical simulations of the proposed algorithm for various

Note that, given the channel outpht the value ofX; is
always decoded without ambiguity?(X;|Y) = 0). On the

other hand, the information carried by, can only be con- h h Is sh hat | disti ishable frorm.. th
veyed whenX; = 1, since otherwis&” = oo independently other channels show t IS undistinguishable fror, the

of X,. Therefore, a hierarchy is established among sende?gluuon obtained with a computationally intensive brute-force

sender 1 can always convey information¥oand it is also ull search approach.
responsible for allowing sender 2 for effectively transmitting VI]. CONCLUSIONS
information toY'.

Proposition 2: The achievable rate region of the proposeﬁ!1 We have given a matrix formulathn for the problem of
algorithm equals the capacity region for the BS-MAC [14 e cor_nputaﬂon of th_e capacity region of f[he_ D.'V'A"?_
ith this new formulation, all the non-convexity is identified

[15], i.e., R = C. Furthermore, the inner and outer bound

on the capacity region provided by the proposed algorithﬂ'? a rank-one constraint. Since problems with this constraint
coincide Ri — C — R° cannot be solved optimally, we have proposed a suboptimal

yet practical method for the computation ©f This method,
B. The Binary Adder MAC which provides us with an inner and an outer boundCof

The binary adder MAC [9] (or binary erasure MAC, aé's optimal for a classC of DMACs, for which the capacity

named in [6, Example 14.3.3]), BA-MAC, is the binary-inputsregion can be efficiently computed. Finally, three illustrative
ternary output ¥ = {0,1,2}), deterministic muItipIe-accessﬁxampl,e_Channels belorr:gmg 16 have zein analyzed: twg
channel whose input-output relationship is given by eterministic DMACs (the BS-MAC and the BA-MAC) an

one non-deterministic DMAC (33). Future work will focus on
Y = X1 + Xo, (32) the analytical characterization of the class
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Fig. 1. The regionsR (dashed black)R' (solid red), andR° (dotted blue)
for the channel (33).

APPENDIX. PROOF OFPROPOSITION1

First, note that the functionf (P, p2) in (26), f2(P,p1) in
(27), andf12(P) in (28) simplify to I; (10), I> (11) andl,
(12), respectively, when the equivalences (13)-(14) are used
for someP € P,oq With marginal distributionsp; and p». [
Equivalence between (5)-(9) and (19)-(25) is hence proved
thanks to constraint (23) and the equivalence of (24)-(25) andl
P € Pyod, as stated in Lemma 1.

Regarding the concavity of the functigh (P, p2), we can [3]
rewrite (26) as
4
fi(P,p2) = Z[P]i,jx )
i.j (5]
X (Z PY|X1X2(9\$§1)~T§]))10%PY|X1X2(y\x(f)ff§j)))
Y [6]
—H(Y|X1=2{" X,=2{) [7]
Pl . P (@),.(9)
+Z Z[ }z,] Y\X1X2(y|x1 T ) X
=Xy wéj),
=Px,v ( [py)] [9]
X log 21 SN (34) [10]
>0 [Pl i Prix, xa (ylat 2 §)
which reduces to

fiPp2) = —H(Y|X1X>) (35) M

()

. P ,

_ ZPXQY($§])7y) bgw, (36) [12]

iy [Pz]j

The term H(Y| X1, X2) is linear in P and thus concave. [13]

On the other hand, the RHS of (36) is jointly concave in

(Px,y,p2) (by the same arguments that ensure the convexiiy;

of the divergence [6, Thm. 2.7.2]), but sinék,y is linear in

P, it is also concave ifP, ps), so is the functionf; (P, p2). [15
By symmetry, similar arguments can be used show concav-

ity of fo(P,p1).

Finally, the functionf;2(P) (28) can be properly expanded
similarly as

f12(P) = > [P, ;%

,J

% (Z Py x, x, (ylet"25) log Py x, x, (y|x§i)xéj))>

Y

—H(Y|X1=2{" , Xo=2{)

+3° (Pl Prxxa (ol x

Y ]

=Py ()

1
x log

S50 [P Py x, s (2l 2§)
= —H(Y|X1X2) + > _ Py(y)log
Yy

Py (y)
—H(Y|X1X5)+ H(Y).

(37)

While H (Y| X, X3) is linear (and hence concave)ih H(Y)
is concave inPy, which, in turn, is linear (concave) .
Hence, f12(P) is concave inP.
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