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ABSTRACT

The allocation of network resources for spectral efficiency
maximization in a broadcast channel under the practical res-
trictions of orthogonal transmission and the use of squared
QAM constellations is addressed. Given a total transmit power
constraint and (possibly) different per-user quality of service
requirements in the form of target uncoded bit error rates, effi-
cient power and bit loading algorithms are proposed to maxi-
mize a weighted sum of the users’ rates that tightly match the
performance of the optimal but computationally prohibitive
allocation strategy.

1. INTRODUCTION

Efficient management of network resources has become a
prominent issue for achieving high data rates in the down-
link (broadcast channel) of upcoming wireless communica-
tion systems due to the limitations imposed by bandwidth
scarcity and transmit power regulatory constraints. Such sys-
tems are likely to handle data flows of different service types
sharing the same physical layer mechanism, hence giving rise
to the need for Resource Allocation (RA) strategies comply-
ing with differentiated Quality of Service (QoS) constraints
among users. To the end of further increasing the system
spectral efficiency, dedicated feedback channels are used to
gather Channel State Information (CSI) at the Base Station
(BS) to adapt the RA policy to match the instantaneous net-
work conditions.

We focus on broadcast channels where the trans-
mit/receive strategies orthogonalize the users’ signals
[1][2][3]. In this way, the allocation of network resources
(power and rate) is decoupled among users and only depends
on their QoS requirements and the total transmit power con-
straint. More specifically, we consider QoS requirements in
the form of target uncoded bit error rates and squared QAM
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modulation formats. We choose a weighted sum of the users
rates as the figure of merit of the resource allocation.

In this work, an efficient algorithm for the computation
of the optimal rate and power loading is derived in the case
of continuously varying rates. When it comes to discrete-
valued rates (feasible modulation formats), the optimization
of the resource allocation becomes an integer optimization
problem for which standard convex optimization techniques
cannot be applied and whose complexity grows exponentially
with the number of users. We tackle the integer optimiza-
tion by proposing an efficient algorithm based on a modifi-
cation of the allocation scheme in the case of unconstrained
rates. The performance of the proposed algorithm is bench-
marked against the optimal allocation obtained with a brute
force exhaustive search for two different orthogonal trans-
mission strategies. For zero-forcing beamforming the pro-
posed allocation performs indistinguishably to the exhaustive
search, while for zero-forcing Tomlinson-Harashima preco-
ding it is able to capture most of the achievable system effi-
ciency.

This paper is organized as follows. Section 2 introduces
some preliminaries regarding the system model and notation,
the implications of orthogonal transmissions, and the problem
statement. In Section 3 we describe the optimal power and
rate loading for continuous-valued rates, which allows us to
address the proposed loading algorithm in Section 4. The
numerical simulations for performance assessment are left to
Section 5, and Section 6 concludes the paper.

2. PRELIMINARIES

2.1. System Model

We consider a BS equipped withnT antennas and total trans-
mit powerPT servingK̃ geographically dispersed users, each
of them equipped withnR antennas. Although in practice
K̃ À nT , we assume that at any given time slot only a subset
of K ≤ nT users are allowed to communicate simultaneously
with the BS as a result of some upper-layer Packet Scheduling



(PS) strategy. The received signal of thek-th user is

yk = Hkx + wk, (1)

whereyk ∈ CnR×1, Hk ∈ CnR×K is the channel matrix,
x ∈ CK×1 is the transmitted vector, andwk ∈ CnR×1 is
the noise vector, with uncorrelated entries drawnCN (0, σ2),
1 ≤ k ≤ K. We further assume a Rayleigh model forHk,
with each component drawn i.i.d.∼ CN (0, 1).

Vector x bears the information symbols1

{s1, s2, . . . , sK}, each one uniformly drawn from a square
Mk-QAM constellation yielding a rateRk = log2(Mk) [bit/
ch.use] for userk. Let us denote byR = {0, 2, 4, . . . , Rmax}
the set of available modulation formats, withRmax an even
integer (R = 0 meaning no transmission). The transmission
of sk consumes a powerpk, such thatE{‖x‖2} =

∑K
i=1 pk.

Thek-th user estimates the symbolsk from its outputyk,
incurring in a bit error probabilityBERk which is decreasing
in pk and increasing inRk, and whose explicit expression
depends on the transmit technique and on the receiver. We
denote byBER0

k the target QoS for userk.

2.2. Orthogonal Transmission

Assuming that the BS has complete knowledge about the set
of channel matrices{Hk}K

k=1, the downlink resource alloca-
tion problem can be simplified by orthogonalization of the
users. In this way, the power and rate allocated to a spe-
cific user does not impact on the performance of the rest of
them. Orthogonalization can be either implemented by pre-
subtracting multi-user interference at the transmitter (using,
for instance zero-forcing transmit beamforming, ZFBF, or
zero-forcing Tomlinson-Harashima precoding, ZF-THP [4],
see [2] for a thorough comparison of the aforementioned tech-
niques) or by combined transmitter-receiver processing [5]
[6]. In either case, the received instantaneous signal-to-noise
ratio (SNR) of userk can be written as

snrk = ckpk, (2)

whereck is a channel dependent quantity that depends also
on the transmit/receive technique. Additionally, we define the
global system SNR assnr = PT /σ2.

For illustrative purposes, we consider the casenR = 1,
for which the received signal of thek-th user (1) reduces to

yk = hT
k x + wk, (3)

and we can define the aggregated channel matrixH =
[h1 h2 . . .hk]T . In this case,

ck = |hT
k wk|2/σ2 (4)

1Note that we are implicitly assuming that ifnR > 1 all the received
antennas are used for diversity purposes only.

for ZFBF, wherewk ∈ CnT×1 is thek-th normalized column
of H†(HH†)−1, and

ck = |[G]k,k|2/σ2 (5)

for ZF-THP, whereH = GQ with G upper-triangular andQ
unitary is the QR decomposition2 of H.

Thanks to user orthogonalization, the bit error rate of the
k-th user can be expressed using the standard approximation
for squareMk-QAM modulations [7]

BERk(pk, Rk) = 4
1− 2−Rk/2

Rk
Q

(√
3ck

2Rk − 1
pk

)
, (6)

whereQ(·) is the Gaussian Q-function and we have used
Mk = 2Rk .

2.3. Problem Statement

We aim at finding the resource allocation{pk, Rk}K
k=1 that

maximizes a weighted sum of the users rates (spectral ef-
ficiencies), for some non-negative weights3 {µk}K

k=1, while
satisfying the transmit power constraint and the QoS require-
ments of the users. The optimal allocation can be formulated
as follows.

maximize
{pk,Rk}

K∑

k=1

µkRk (7)

subject to BERk(pk, Rk) ≤ BER0
k, 1 ≤ k ≤ K (8)

pk ≥ 0, Rk ∈ R, 1 ≤ k ≤ K (9)
K∑

k=1

pk ≤ PT (10)

Due to (9) the optimization has to be carried over integer rates,
and hence combinatorial search onR needs to be performed
for eachRk. In order to be able to propose alternative simpler
methods, we study first the optimal solution to (7)-(10) when
(9) is relaxed so as to admit non-integer rates.

3. OPTIMAL LOADING FOR CONTINUOUS RATES

A relaxation of (7)-(10) is obtained by replacing the constraint
Rk ∈ R in (9) by0 ≤ Rk ≤ Rmax. If we rewrite (8) as

h(Rk; BER0
k)− 3ckpk ≤ 0, (11)

where

h(R; BER0) = (2R − 1)Ψ2
(1

4
BER0

R

1− 2−R/2

)
(12)

2Note that due to the QR decomposition ofH, ck depends on the user
ordering (user encoding order).

3The weights can be determined by the PS according to other QoS para-
meters such as queue lengths, delays, and/or service type.



0 1 2 3 4 5 6 7 8
0

20

40

60

80

100

120

140

160

180

200

R

Plots of h(R;BER
0
), h’(R;BER

0
), and h’’(R;BER

0
) for different values of BER

0

h(R;10−1)
h’(R;10−1)
h’’(R;10−1)
h(R;10−2)
h’(R;10−2)
h’’(R;10−2)
h(R;10−3)
h’(R;10−3)
h’’(R;10−3)
h(R;10−4)
h’(R;10−4)
h’’(R;10−4)

Fig. 1. Different plots of the functionh(R; BER0) in the
range of interest (R ∈ [0, Rmax]), Rmax = 8, for different
possible values of the targetBER0.

andΨ(·) = Q−1(·) is the inverse Q-function. The relaxed
problem can then be formulated as

maximize
{pk,Rk}

K∑

k=1

µkRk (13)

subject to h(Rk; BER0
k)− 3ckpk ≤ 0, 1 ≤ k ≤ K(14)

pk ≥ 0, 0 ≤ Rk ≤ Rmax, 1 ≤ k ≤ K (15)
K∑

k=1

pk ≤ PT , (16)

an optimization problem whose convexity depends exclu-
sively on the convexity of the functionh(R; BER0) with re-
spect toR for some fixedBER0. To that end, we should
verify that

h′′(R; BER0) ≡ ∂2h(R; BER0)
∂R2

> 0 for 0 ≤ R ≤ Rmax.

(17)
Unfortunately, the analytical expression ofh′′(R; BER0) is
not amenable to work with. For this reason, we have adopted
a rather practical approach by plottingh, its first derivative,
h′, andh′′ in Figure 1 from their lengthy analytical expres-
sions not reported here for the sake of brevity.

We conclude from Figure 1 thath, h′, andh′′ are strictly
increasing functions ofR and thath is a convex function ofR
in the range0 ≤ R ≤ Rmax for practical values ofRmax and
BER0. Therefore, (13)-(17) can be solved optimally using
standard convex optimization tools. Alternatively, we can use
Algorithm 1 (based on the KKT conditions of (13)-(17)) to
obtain the optimal resource allocation.

Algorithm 1 Optimal Loading

1: Initializations:θlow = 0, θup = 3 max
k

{
µkck

h′(0;BER0
k)

}
.

2: while θup − θlow > ε do
3: θ = (θlow + θup)/2.
4: for k = 1 . . . K do
5: Rk(θ) = [R : h′(R; BER0

k) = 3µk/θ]Rmax
0 .

6: pk(θ) = h(Rk(θ); BER0
k)/3ck.

7: end for
8: if

∑
k pk(θ) ≤ PT then

9: θup = θ.
10: else
11: θdown = θ.
12: end if
13: end while
14: R?

k = Rk(θup), p?
k = pk(θup) for 1 ≤ k ≤ K.

Algorithm 1 is based on a bisection search for a water-
level parameterθ up to a precision ruled by any arbitrarily
small positiveε. The need for the bisection arises from the
expression ofh′(R; BER0), which is not analytically invert-
ible. The largerθ, the lower the rates and the powers and
vice versa. Whenθ = θup in step 1 of Algorithm 1, all the
rates and powers are zero. Therefore, bisection arises so as to
approximate as close as desired the optimalθ for which the
transmit power constraint (16) is satisfied with equality. Note
that another bisection is needed in step 5 to determineRk(θ).

4. PROPOSED LOADING ALGORITHM

In order to tackle the integer optimization of (7)-(10) we pro-
pose to use a simplified version of Algorithm 1, where step 5
is replaced by

Rk(θ) = max{R ∈ R : h′(R; BER0
k) ≤ 3µk/θ}, (18)

and Rk(θ) = 0 if no rate in R satisfies the right hand
side of (18). In other words, we avoid the bisection al-
gorithm of step 5 of Algorithm 1 by selecting the best
out of the available modulation formats inR. The se-
lection process can be efficiently performed if the values
{h′(R; BER0

k), h(R; BER0
k)}R∈R are computed offline1 ≤

k ≤ K.
One drawback of using (18) in step 5 of Algorithm 1 is

that the available power is always underutilized: there exists
a fraction of power which is not used because of the round-
ing of (18). In order to exploit the remaining transmit power
we propose to increase (when possible) the rates of users with
large priorities or small power demands to increase their rate
until power shortage is achieved, as in [8]. The complete de-
scription of the proposed loading algorithm follows in Algo-
rithm 2, where∆k is the extra power required to increaseRk

in 2 bits per symbol.



Algorithm 2 Proposed Loading

1: Initializations:θlow = 0, θup = 3max
k

{
µkck

h′(0;BER0
k)

}
.

2: while θup − θlow > ε do
3: θ = (θlow + θup)/2.
4: for k = 1 . . .K do
5: Rk(θ) = max{R ∈ R : h′(R; BER0

k) ≤
3µk/θ}.

6: pk(θ) = h(Rk(θ); BER0
k)/3ck.

7: end for
8: if

∑
k pk(θ) ≤ PT then

9: θup = θ.
10: else
11: θdown = θ.
12: end if
13: end while
14: Rk = Rk(θup), pk = pk(θup) for 1 ≤ k ≤ K.
15: for k = 1 . . .K do
16: if Rk < Rmax then
17: ∆k = h(Rk + 2;BER0

k)/3ck − pk.
18: else
19: ∆k = +∞.
20: end if
21: end for
22: repeat
23: k′ = arg min

k:(
∑

i pi)+∆k≤PT

∆k/µk.

24: SetRk′ = Rk′ +2, pk′ = pk′ +∆k′ , and update∆k′ .
25: until (

∑
i pi) + ∆k > PT ∀k

The idea of Algorithm 2 is to use the step-by-step quan-
tized allocation of Algorithm 1 as an starting allocation for
launching the rate increase procedure comprised between
steps 15 and 25. In this way, we guarantee a desirable close-
ness to the optimal real-valued rate quantization, from which
we deviate so as not to leave any fraction of power unused.
Additionally, and thanks to the quantization effect of step 5,
the intermediate allocation of step 14 is not as sensitive to er-
rors isθ, and the bisection method for can be alleviated with
a largerε than in Algorithm 1.

5. PERFORMANCE EVALUATION

The performance of the proposed rate and power loading al-
gorithm (Algorithm 2) has been evaluated in terms of achiev-
able spectral efficiency region when using ZFBF and ZF-THP
with single-antenna receivers. A fair benchmarking of the
proposed algorithm has been provided through the compari-
son with a brute force algorithm selecting the allocation maxi-
mizing the weighted sum rate (7) after an exhaustive search on
all the possible choices for{R1, R2, . . . , RK} ∈ RK . When
analyzing ZF-THP, the exhaustive search takes also into ac-
count all possible encoding orders.

For the simulations,5000 Montecarlo runs of aK = 2

Algorithm 3 Allocation quantization
1: if P < PT then
2: repeat
3: (k′, n′) = arg min

k,n : P+∆+
k [n]≤PT

∆+
k [n]/µk

4: IncreaseRk′ [n′] one modulation format, update
P = P +∆+

k′ [n
′], and update(pq

k′ [n
′], ∆+

k′ [n
′],∆−

k′ [n
′]).

5: until P + ∆+
k [n] > PT ∀n, k

6: else
7: repeat
8: (k′, n′) = arg max

k,n : ∆−k [n]>0
∆−

k [n]/µk

9: DecreaseRk′ [n′] one modulation format, update
P = P −∆−

k′ [n
′], and update(pq

k′ [n
′], ∆+

k′ [n
′],∆−

k′ [n
′]).

10: until P ≤ PT

11: end if

broadcast channel withnR = 1, unit power noise (σ2 = 1),
and Rayleigh fading were averaged. For each simulation, the
channel dependant gains were computed for ZFBF (4) and
ZF-THP (5). For ZF-THP, and the proposed allocation of
Algorithm 2, the user ordering was performed in decreasing
order of weighted channel energiesµk‖hk‖2. The rationale
behind this ordering is the following: it is shown in [9] that
E{|[G]k,k|2} (and hence,E{ck}) is highly decreasing ink
and users encoded first experience (on average) much better
channel conditions. We therefore try to take advantage of this
effect by encoding first those users with larger priorities or
better channel conditions.

We considered two different scenarios: one with equal
QoS requirements (BER0

1 = BER0
2 = 10−3) and another

with asymmetric requirements (BER0
1 = 10−3 andBER0

2 =
10−4). Figures 2 and 3 show the achievable spectral effi-
ciency regions obtained for both scenarios atsnr = 10dB and
snr = 20dB, respectively. In order to study the impact of the
arbitrary rate increase procedure of steps 15 to 25 of Algo-
rithm 2 on the final performance, we distinguish the interme-
diate results obtained up to step 14 of Algorithm 2 (regions
labeled as ’1:’ ) and the complete application of Algorithm 2
(regions labeled as ’2:’); brute force regions are labeled ’bf:’.

Figures 1 and 2 show that the intermediate allocation up
to step 15 of Algorithm 2 is able to capture a significant frac-
tion of the achievable spectral efficiency, specially when user
priorities are highly unbalanced or totally equal. The rate in-
crease procedure of steps 15 to 25 is able to raise the achiev-
able efficiencies so that for ZFBF the performance is indistin-
guishable from the brute force allocation.

For ZF-THP, the gap between the proposed allocation and
the brute force search reduces withsnr, and can be mostly put
on the specific choice of the encoding order and not on the
allocation algorithm. Attending to the results of Figure 1 and
2, we believe that the goodness of the results for ZFBF can be
extrapolated to other techniques that are not sensitive to the
user ordering. Finally, the achievable spectral efficiencies for
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ZF-THP are larger than for ZFBF, specially at lowsnr.

6. CONCLUSIONS

We have addressed joint power and rate loading in the broad-
cast channel with uncoded bit error rate constraints as QoS
metric and square QAM modulation formats. By further con-
straining the transmit/receive processing to orthogonalize the
users, the resource allocation optimization simplifies into de-
coupled problems linked by the total power constraint.

We found that the optimal allocation in the case of contin-
uously varying rates is the solution to a convex optimization
problem, and we proposed an efficient algorithm for its com-
putation (Algorithm 1). With respect to the optimization of
the allocation by considering only feasible values for the rates
(even integers), we proposed an allocation scheme based on
Algorithm 1 that tackled integer optimization. Performance
comparison with a brute force allocation scheme showed ex-
cellent behavior at a complexity load several orders of magni-
tude below. Future work should address the extension of this
work to the multicarrier setting (OFDMA).
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