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Abstract—Following the seminal work of Zheng and Tse, this
paper investigates the fundamental diversity and multiplexing
tradeoff of multiple-input–multiple-output (MIMO) systems in
which knowledge of the channel state at both sides of the link
is employed to transmit independent data streams through the
channel eigenmodes. First, the fundamental diversity and multi-
plexing tradeoff of each of the individual substreams is obtained
and this result is then used to derive a tradeoff optimal scheme for
rate allocation along channel eigenmodes. The tradeoff of spatial
multiplexing is finally compared to the fundamental tradeoff of
the MIMO channel and to the one of both space only codes and
V-BLAST which do not require channel state information (CSI)
at the transmit side.

Index Terms—Capacity-achieving waterfilling, diversity and
multiplexing tradeoff, linear multiple-input multiple-output
(MIMO) transceivers, spatial multiplexing systems, Wishart
matrices.

I. INTRODUCTION

MULTIPLE-input multiple-output (MIMO) channels are
an abstract and general way to model many different

communication systems of diverse physical nature; ranging
from wireless multi-antenna channels [1]–[4], to wireline
digital subscriber line (DSL) systems [5], and to single-antenna
frequency-selective channels [6]. In particular, wireless MIMO
systems have been recently attracting a great interest, since
they provide significant improvements in terms of spectral effi-
ciency and reliability with respect to single-input–single-output
(SISO) systems.

The gains obtained by the deployment of multiple antennas
at both sides of the link can be characterized by the array
gain, the diversity gain, and the multiplexing gain [7], [8]. The
array gain is the improvement in signal-to-noise ratio (SNR)
obtained by coherently combining the information signal on
multiple transmit or multiple receive dimensions (specially
important in the low-SNR regime) while the diversity gain
is the improvement in link reliability obtained by receiving
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different replicas of the information signal through indepen-
dently fading dimensions (specially important in the high-SNR
regime). These gains are not exclusive of MIMO channels
and also exist in single-input–multiple-output (SIMO) and
multiple-input–single-output (MISO) channels. In contrast, the
spatial multiplexing gain, which refers to the increase of rate
at no additional power or bandwidth consumption, is a unique
characteristic of MIMO channels.

The focus of this paper is on the high-SNR regime, where
the array gain becomes less significant and the performance
of a given MIMO system can be effectively characterized in
terms of the diversity and the spatial multiplexing gain. Re-
cently, Zheng and Tse showed in [9] that both gains can be
simultaneously obtained, but there is a fundamental tradeoff
between how much of each type of gain any coding scheme
can extract. The main result of [9] is a simple characteriza-
tion of the optimal tradeoff curve between the diversity gain
and the spatial multiplexing gain for any coding scheme when
perfect channel state information (CSI) is available only at the
receiver. This tradeoff framework does not only enlighten the
fundamental limits of MIMO channels but also provides a very
interesting procedure to compare the performance of existing di-
versity-based and multiplexing-based practical MIMO schemes
by jointly analyzing their reliability and rate accommodation
properties.

In this paper, we deal with the diversity and multiplexing
tradeoff of MIMO systems with perfect CSI at the transmitter
(CSI-T) and at the receiver (CSI-R)1 in contrast to [9], where
only perfect CSI-R is assumed. More specifically, we concen-
trate on spatial multiplexing MIMO systems, which divide the
incoming data stream into multiple independent substreams
without any temporal coding of the data symbols. When
the transmitter is not aware of the channel realization, each
substream is transmitted on a different antenna, such as the
well-known V-BLAST scheme [10]. However, when perfect
CSI-T is available, performance can be further improved by
transmitting the established substreams through the strongest
channel eigenmodes. The resulting spatial multiplexing MIMO
system with CSI-T is optimal in the sense of achieving the
ergodic channel capacity [3], and also arises in the joint linear
transmitter-receiver design of practical MIMO systems, e.g.,
[6], [11]–[17].

The approach we adopt in this paper is to analyze the indi-
vidual diversity and multiplexing tradeoff curves of the channel
eigenmodes. Then, we obtain the fundamental diversity and
multiplexing tradeoff of spatial multiplexing MIMO systems

1The combination of CSI-T and CSI-R is henceforth referred to as just CSI-T.
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with CSI-T by deriving the optimum rate allocation policy
among these channel eigenmodes. The rest of the paper is
organized as follows. Section II is devoted to introducing the
system model and briefly reviewing the diversity and multi-
plexing tradeoff framework. Section III describes the signal
model corresponding to spatial multiplexing MIMO systems
with CSI-T. In Section IV we analyze the individual tradeoff
curves of the different channel eigenmodes. Section V provides
the fundamental diversity and multiplexing tradeoff of spatial
multiplexing systems with CSI-T, which is compared to the
fundamental limits offered by the channel in Section VI. Fi-
nally, the last section summarizes the main results of the paper.

II. PRELIMINARIES: SYSTEM MODEL AND PROBLEM

STATEMENT

A. System Model

We consider a wireless communication system with
transmit and receive antennas. The corresponding MIMO
channel is represented by an matrix , containing the
complex path gains between every transmit and receive
antenna pair. We adopt an uncorrelated Rayleigh flat fading
channel model and, hence, these coefficients are independent
identically distributed (i.i.d.) complex Gaussian random vari-
ables with zero mean and unit variance, . We
also assume that the channel matrix remains constant within
a block of symbols, i.e., the block length is significantly
smaller than the channel coherence time. In this situation, the
received signal within one block can be gathered in an
matrix related to the transmitted matrix as

(1)

where is the additive white Gaussian noise and has indepen-
dent and identically distributed (i.i.d.) entries with zero mean
and unit variance, . The transmitted signal

is normalized forcing the transmit power per channel use to
satisfy

(2)

where is the average SNR at each receive antenna.
In the work by Zheng and Tse [9], the channel is assumed to

be perfectly known at the receiver only. In contrast, we focus on
the situation where the instantaneous channel gains are perfectly
known at both transmitter and receiver, so that the transmitter
can adapt its transmission strategy relative to the instantaneous
channel state under the short-term power constraint in (2).

B. Spatial Diversity and Spatial Multiplexing

The traditional role of multiple antennas was to provide spa-
tial diversity to overcome channel fading by supplying the re-
ceiver with several independently faded replicas of the trans-
mitted signal and, thus, increasing the link reliability. A MIMO
channel with transmit and receive antennas has a max-
imal diversity order of , since there are a maximum of

random fading coefficients to be averaged over in the reception
process of one symbol. Mathematically, we define the diversity
gain as the slope of the average error probability versus SNR
curve at high SNR, i.e., the SNR exponent of the average error
probability.

Additionally, the simultaneous use of multiple antennas at the
transmitter and receiver enables also the exploitation of multiple
parallel channels which can operate independently. This prop-
erty is a consequence of the MIMO channel ergodic capacity
which can be approximated in the high SNR regime as [4]

(3)

The channel capacity increases with the SNR as with
the prelog factor , in contrast to the prelog factor
corresponding to SISO channels. In order to achieve a certain
nontrivial fraction of the capacity in the high SNR regime, we
consider schemes that support a data rate which also increases
with the SNR. Hence, we define a scheme as a family of codes

of block length , which employs a different code
for each SNR level. Let be the rate of a code

, then a scheme is said to achieve a spatial multiplexing
gain if the supported data rate can be approximated in the
high-SNR regime as

(4)

These intuitive definitions regarding spatial diversity and mul-
tiplexing gain can be formalized as follows:

Definition: A MIMO coding scheme is said to
achieve a spatial multiplexing gain and a diversity gain if
the data rate satisfies

(5)

and the error probability follows2

(6)

For each , we define to be the supremum of the diversity
gain achieved over all schemes.

Notation: Let us define the symbol “ ” to denote exponential
equality, i.e., denotes

(7)

The symbols “ ” “ ” are similarly defined. Hence, (6), for
instance, can be expressed as

(8)

2This definition (introduced in [9, Def. 1]) differs from the standard definition
of diversity gain widely used in the space-time coding literature (see e.g., [18])
in the fact that we consider the error probability of a family of coding schemes
��� , which employs a different code for each SNR level, instead of con-
sidering the error probability of a fixed coding scheme.
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Fig. 1. Fundamental diversity and multiplexing tradeoff of MIMO channels
with perfect CSI-R.

C. Fundamental Diversity and Multiplexing Tradeoff With
Perfect CSI-R

The design of MIMO systems has been traditionally tackled
from two different perspectives: either the maximization of the
diversity gain (to increase the transmission reliability) or the
maximization of the spatial multiplexing gain (to approach the
capacity limits). The diversity and multiplexing tradeoff was
conceived as a unified framework to consider simultaneously
both design criteria. In fact, given a MIMO channel, both gains
can be simultaneously obtained, and the fundamental tradeoff
curve shows how much of each one any coding scheme can po-
tentially extract or, equivalently, it provides the fundamental re-
lation between the error probability and the normalized data rate
in a system.

The tradeoff curve in [9] is based on analyzing the behavior
of the error probability as function of the data rate in the
high-SNR regime by deriving tight (exponentially equal) upper
and lower bounds. In particular, the lower bound is given by
the outage probability, denoted by and defined as the
probability that the mutual information between the input and
the output of the channel is smaller than a given data rate [19].
On the other hand, the upper bound is obtained by conditioning
the error probability on the outage event as

error outage error no outage

error no outage (9)

The second term in (9) can be upper-bounded by the pairwise
error probability averaged over the no-outage channel states and
the resulting SNR exponent coincides with that of the lower
bound whenever the coding length satisfies

(10)

This illustrates that, under the condition in (10), the typical error
occurrence is caused by the outage event. The resulting tradeoff
curve is given in the following lemma and plotted in Fig. 1.

Lemma 1 ([9, Th. 2]): Consider the MIMO system in (1).
The fundamental diversity and multiplexing tradeoff in
an uncorrelated Rayleigh flat fading MIMO channel is
given by the piecewise-linear function connecting the points

(11)

where

(12)

whenever the coding block length condition in (10) is satisfied.
If the block length does not fulfill (10), the given upper bound

can not be guaranteed to be tight anymore, since the outage oc-
currence is not the dominant event in the probability of error.
Hence, we have to take into account the three circumstances
leading to a detection error: 1) the channel matrix is atypically
ill-conditioned, 2) the additive noise is atypically large, and 3)
some codewords are atypically close together. When the block
length is finite and satisfies (10), the two last events are averaged
out and the probability of error is dominated by the bad channel
occurrence. Otherwise, all three events come into play and the
optimal tradeoff curve can be only partially obtained.

In the case of space-only coding schemes tight
bounds on the average error probability can be also derived.
The tradeoff curve was indeed completely characterized in [9]
when no CSI-T is available. This case is of particular interest in
this paper, since we analyze spatial multiplexing schemes with
CSI-T which do not perform any temporal encoding strategy,
and, thus, it is introduced in Section VI for comparison pur-
poses.

D. Fundamental Diversity and Multiplexing Tradeoff With
Perfect CSI-T

The diversity and multiplexing tradeoff framework is still a
meaningful framework when perfect CSI-T is available to ana-
lyze the performance of delay limited systems in which the data
rate cannot depend on the channel variations except in outage
states, where the channel cannot support the desired data rate
and the data to be transmitted is lost. In fact, during outages the
wisest strategy is to stop transmission and do not waste power
(see [20, Remark 3]) but, of course, generating unrecoverable
errors at the receiver.

When perfect CSI-T is available, the coding strategy can be
adapted to the instantaneous channel state by properly tuning the
input distribution. As in [9], the input distribution can be taken
to be Gaussian with a covariance matrix , where the
optimum maximizes the mutual information, i.e.

(13)

Then, the outage probability defined as [3], [20]

(14)

can be upper-bounded by choosing (without
exploiting the available CSI-T) and lower-bounded by choosing

, since , due to the short-term
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power constraint, and this implies that
. Both bounds were shown in [9] to be

tight and the corresponding exponent was derived. Finally, using
Fano’s inequality, the outage probability was shown to provide
a lower bound for the error probability in the high-SNR regime,
independently of .

In consequence, the fundamental tradeoff presented in [9] for
holds for any satisfying (13) with or without

CSI-T. This result is not surprising, since the diversity and mul-
tiplexing tradeoff framework focuses in the high-SNR regime,
where the system is degree-of-freedom limited [9] and, thus, the
additional power gain obtained by adapting to the instanta-
neous CSI-T does not modify the fundamental tradeoff of the
channel whenever .

III. SPATIAL MULTIPLEXING MIMO SYSTEMS WITH CSI-T

A. Signal Model

Let us consider the block-fading MIMO system presented in
(1), i.e.,

(15)

Following the singular value decomposition (SVD), the channel
matrix can be expressed as

(16)

where and are unitary matrices, and
is a diagonal3 matrix containing the nonnegative

singular values of sorted in descending order. Assuming that
perfect CSI-T is available, we can rewrite the signal model in
(15) without loss of generality as

(17)

where , and with i.i.d.
Gaussian entries with zero mean and unit variance, i.e.,

, as the distribution of is invariant under unitary
transformations [21, Ex. 2.4]. Since ,
the power constraint in (2) can be expressed in terms of as

(18)

where is the average SNR per receive antenna. Henceforth,
we restrict our attention to spatial multiplexing MIMO systems
with CSI-T, as formalized in the following assumptions:

Assumption 1: The th transmitted vector, denoted by
, within a given block is

generated independently from all other transmitted vectors in
, or, equivalently, coding is performed only

across space. In this sense, we can restrict our attention to the
case , although our results hold for any given block
length .

Assumption 2: i.i.d., zero-mean, and unit
energy data symbols, denoted by have to be trans-
mitted per channel use, such that (omitting the index within a
block):

(19)

3We call this matrix diagonal even though it may be not square.

where gathers the data symbols, and
is a nonnegative matrix whose off-diag-

onal entries are zero and the nonzero diagonal entries,
, contain the power allocated among

the established substreams and satisfy

(20)

due to the power constraint in (18).
The signal model corresponding to spatial multiplexing

MIMO systems with CSI-T (see Assumptions 1 and 2) is then
given by

(21)

or, component-wise,4

(22)

where is the th ordered eigenvalue of
(squared modulus of the th channel singular value) and

is the th component of the noise vector .

B. Motivation of Spatial Multiplexing MIMO System With
CSI-T

The analysis of spatial multiplexing MIMO systems with
CSI-T is mainly motivated by their optimality in terms of the
channel capacity. Telatar showed in [3] that the ergodic MIMO
channel capacity with perfect CSI-T can be achieved by split-
ting the incoming data stream into substreams,
coding these substreams separately using i.i.d. Gaussian codes,
and waterfilling the available transmit power as

(23)

where the water level is selected to satisfy the power con-
straint in (20) with equality. Note that this scheme can be de-
scribed using the general signal model of spatial multiplexing
MIMO systems in (22) with and the power
allocation given in (23). It is worth pointing out that, sacri-
ficing the low-complexity of the previous coding strategy (and
the low-complexity of the corresponding optimum decoding),
one can approach capacity with lower error probabilities using
multidimensional codes, as can be inferred from the theory of
error exponents of parallel channels [22, Sec. 7.5]. As it will be
seen in Section 6, this fact has important consequences in terms
of the diversity and multiplexing tradeoff5 achievable by spatial
multiplexing MIMO schemes with perfect CSI-T.

However, the motivation behind the analysis of spatial mul-
tiplexing MIMO systems with CSI-T is not only supported by
their optimality from the channel capacity point-of-view. Let us
assume that the ideal Gaussian codes are substituted with prac-
tical constellations (e.g., QAM) and that the MIMO system is
equipped with a linear transmitter and a linear

4Observe that ��� � only contain noise.
5The similitudes and differences between the theory of error exponents and

the diversity and multiplexing tradeoff framework are investigated in [9, Sec.
VI].
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receiver (linear transceiver). The resulting signal
model is given by

(24)

where is the estimated data vector and
contains the data symbols as in (19). The uncoded linear
transceiver optimization with perfect CSI-T, i.e., the joint op-
timization of and in (24) subject to the short term power
constraint (equivalent to (20))

(25)

has been largely studied in the literature under practical design
criteria based on performance measures such as the SNR, the
mean-square error (MSE), or the bit error rate (BER), e.g., [6],
[11]–[17]. In most cases (see details in Section IV-C), the op-
timum strategy results in transmitting the independent data
substreams through the strongest eigenmodes with a partic-
ular power allocation that depends on the specific design crite-
rion. Hence, most of the linear MIMO transceiver designs pro-
posed in the literature can be also expressed as in (22).

IV. DIVERSITY AND MULTIPLEXING TRADEOFF OF THE

INDIVIDUAL SUBSTREAMS

In this section we analyze the diversity and multiplexing
tradeoff behavior of each individual substream transmitted
in parallel through the channel eigenmodes, given the spatial
multiplexing signal model presented in the previous section.
We focus first on the capacity-achieving solution and derive the
fundamental tradeoff of each individual MIMO eigenchannel.
Then, we extend our analysis to include a more general class
of power allocation policies and show that the given individual
diversity and multiplexing tradeoff curves also holds for some
interesting practical linear transceiver designs.

A. Capacity-Achieving Spatial Multiplexing MIMO System
With CSI-T

Let us consider the spatial multiplexing MIMO system in (22)
with the power allocation given by the capacity-
achieving waterfilling in (23). Following the same procedure as
in [9], the diversity and multiplexing tradeoff can be derived by
bounding the individual error probability of the th substream,

, as

(26)

where denotes the outage probability and
denotes the pairwise error probability aver-

aged over the no-outage channel states (cf. (9)) of the th
substream. The outage probability is given by [8, Sec. 5.4]

(27)

where can not possibly exceed the value of , since
it represents the rate of the th eigenchannel in which capacity
scales as . The short-term power constraint in (20)
implies that and, hence, can be lower-

bounded with the outage probability obtained when allocating
all available power to the th substream independently of the
channel state:

(28)

(29)

The pairwise error probability can be upper-
bounded by substituting the ideal Gaussian codes with some
suboptimal coding strategy. Let us assume, for instance, that
the data symbols are drawn from a QAM constellation of size

in order to sustain a data rate of .
Hence, the minimum distance between symbols is .
The pairwise error probability between two arbitrary symbols
transmitted in the th substream satisfies6 [9, Sec. VII-A]

(30)

In order to take into account the waterfilling mechanism, we
rewrite (30) as

(31)

(32)

and the upper bound in (32) is shown in Appendix A to satisfy

(33)

Finally, combining (29) and (33) we can conclude that

(34)

and, hence

(35)

The resulting individual diversity and multiplexing tradeoff
curves are characterized in the following theorem and plotted
in Fig. 2.

Theorem 1: Consider a spatial multiplexing MIMO system
with CSI-T (see Assumptions 1 and 2) and consider that the
power allocated to the substream transmitted through the th
ordered channel eigenmode is given by the capacity-achieving
waterfilling, i.e., . The individual diversity
and multiplexing tradeoff of the th substream in an
uncorrelated Rayleigh flat fading MIMO channel is
given by

(36)

6The only difference with [9] is that in our case the channel power gain is �
instead of ��� .
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Fig. 2. Fundamental diversity and multiplexing tradeoff of the MIMO channel
eigenmodes.

where is defined as

(37)

Proof: See Appendix B.

Note that the individual diversity and multiplexing tradeoff
curves presented in Theorem 1 are, in fact, the fundamental
tradeoff curves of the eigenmodes of an uncorrelated Rayleigh
flat fading MIMO channel.

B. General Spatial Multiplexing MIMO Systems With CSI-T

Let us now consider a spatial multiplexing MIMO system
with CSI-T such that the power allocated to the th substream is
a function of the SNR and possibly a function of the strongest
channel eigenvalues, i.e., , and sat-
isfies the short-term power constraint in (20). We also assume
that there exits a deterministic strictly positive quantity, , such
that

(38)

This condition ensures that the power allocation does not in-
herently limit the achievable individual tradeoff either by allo-
cating zero or a small amount of power in terms of the SNR with
large probability. Observe that, due to the short-term power con-
straint, it is not possible to design a power allocation which priv-
ileges the individual tradeoffs of some substreams by penalizing
the tradeoffs of the remaining substreams. The individual diver-
sity and multiplexing tradeoff curves presented in Theorem 1
for the capacity-achieving waterfilling also hold for this general
power allocation policy as presented in the following corollary.

Corollary 1: Consider a spatial multiplexing MIMO
system with CSI-T (see Assumptions 1 and 2) and con-
sider that the power allocated to the substream transmitted
through the th ordered channel eigenmode is given by

under the condition in (38) and the
short-term power constraint in (20). The individual diversity
and multiplexing tradeoff of the th substream in an
uncorrelated Rayleigh flat fading MIMO channel is
given by

(39)

where is defined in Theorem 1.
Proof: See Appendix C.

Corollary 1 shows that the power allocated to an individual
substream (under a short-term power constraint) cannot improve
the SNR exponent of the error probability, which is on the con-
trary fixed by the order of the channel eigenmode used for trans-
mission.

C. Practical Spatial Multiplexing MIMO Systems With CSI-T

In Section III-B, we introduced linear MIMO transceivers
as a practical implementation of spatial multiplexing systems
with CSI-T. Palomar developed in [17] a unifying framework,
in which the design problem of linear MIMO transceivers under
perfect CSI-T is formulated as the minimization of some cost
function of the MSEs of the individual substreams, since the
other common practical system quality measures such as the
SNR, or the BER can be easily related to the MSEs. More ex-
actly, the optimum transmit matrix and receive matrix (see
(24)) are obtained as

(40)

(41)

where denotes the design cost function and is the
th diagonal element of the MSE matrix

. In particular, [17] shows that the optimum linear receiver
is always given by the MMSE solution [17, eq. (7)]

(42)

and provides the optimum linear transmitter for the class of
Schur-concave and Schur-convex cost functions. Interestingly,
this framework embraces most of the linear transceiver schemes
previously proposed in the literature, e.g., [6], [11]–[15].

In the case of Schur-concave cost functions, the optimum
transmit strategy establishes independent data streams
through the strongest channel eigenmodes with a power
allocation that depends on the particular cost function [17, eq.
(14)]

(43)

where has as columns the eigenvectors
of corresponding to the largest eigenvalues and

is a diagonal matrix containing the power
allocation policy . For instance, when the design
criterion is the minimization of the product of MSEs, the
optimum power allocation is given by the capacity-achieving
waterfilling in (23) [17, eq. (24)], when it is the minimization
of the weighted sum of MSEs, the optimum power allocation
is given by [17, eq. (22)]

(44)
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where is a strictly positive constant (weight) and is chosen
to fulfill the power constraint in (41), and when it is the maxi-
mization of the weighted product of SNRs, the optimum power
allocation is given by [17, eq. (40)]

(45)

where is a strictly positive constant (weight). In the fol-
lowing propositions we show that the power allocation policies
in (44) and (45) satisfy the conditions of Corollary 1.

Proposition 1: The power allocation that minimizes the
weighted sum of MSEs given in (44) satisfies the conditions of
Corollary 1.

Proof: See Appendix D.

Proposition 2: The power allocation that maximizes the
weighted product of SNRs given by (45) satisfies the conditions
of Corollary 1.

Proof: The power allocation in (45) is channel nondepen-
dent and, thus, the condition in (38) is directly satisfied.

Finally, since the linear transceivers of (24) with and
as given in (42) and (43), respectively, can be described by the
general signal model presented in (22) for spatial multiplexing
MIMO system with CSI-T [23], it follows that the tradeoff
curves given in Corollary 1 also characterize the individual
substreams of practical linear transceiver designed under
Schur-concave cost functions.

In the case of Schur-convex cost functions, however, the
optimum transmit strategy transmits a unitary transformation
of the independent data streams through the strongest
channel eigenmodes [17, eq. (14)]

(46)

where and are defined as in (43), and is
a unitary matrix such that all substreams experience the same
equivalent channel (see [17] for details). Furthermore, the op-
timum power allocation is always given by (44). Schur-convex
cost functions appear, for instance, in the minimization of the
maximum of the MSEs, or in the minimization of the sum of
BERs (under equal constellations). These schemes cannot be
described by the signal model in (22), since the individual data
symbols are not transmitted in parallel through the channel
eigenmodes and, hence, Corollary 1 cannot be applied.

V. DIVERSITY AND MULTIPLEXING TRADEOFF OF SPATIAL

MULTIPLEXING SYSTEMS WITH CSI-T

In the previous section, we derived the SNR exponent of the
error probability associated to the individual substreams trans-
mitted in parallel through the channel eigenmodes when using
the capacity-achieving waterfilling or a general power alloca-
tion which satisfies the condition in (38). Based on this result,
we obtained the individual diversity and multiplexing tradeoff
curves of the established substreams in Theorem 1 and Corol-
lary 1, respectively. In contrast, in this section we are interested
in the global diversity and multiplexing tradeoff of the spatial

multiplexing MIMO system with CSI-T that results from the
combination of these individual substreams.

Recall that the -dimensional data symbol vector
is formed by the i.i.d. individual data symbols
transmitted through each channel eigenmode (see

Assumption 2). We define the global error probability of spatial
multiplexing MIMO systems with CSI-T, denoted by

, as the probability of having an error in
the detection of at least one of the individual symbols in the
data symbol vector . Thus, can be bounded as

(47)

The SNR exponent of is dominated by the
term with the lowest exponent and this term corresponds
precisely to the substream with the worst error probability,
i.e., . Assuming that the power al-
location among the substreams is either given by the
capacity-achieving waterfilling (or satisfies the condition in
(38)), we can use Theorem 1 (or Corollary 1) and (47) to obtain
that

(48)

where is defined in (36) and7 , since the indi-
vidual multiplexing gains cannot exceed the value

. Hence, as it becomes apparent later on in this section, the
diversity and multiplexing tradeoff curve depends on both the
number of active substreams and the rate allocation policy
adopted by the transmitter, . In the following, we
first present the tradeoff curve obtained when using a uniform
rate allocation among the active substreams. Then, we derive the
optimum rate allocation, which results in the fundamental di-
versity and multiplexing tradeoff of spatial multiplexing MIMO
systems with CSI-T as formalized in Assumptions 1 and 2.

A. Diversity and Multiplexing Tradeoff With Uniform Rate
Allocation

Let us denote by the number of active substreams as
a function of the spatial multiplexing gain with

and let us assume a uniform rate allocation policy
among these substreams, i.e.

(49)

Then, as shown in (48), the diversity and multiplexing tradeoff is
obtained by deriving the optimum number of active substreams,
i.e.

(50)

This problem is implicitly solved in the following theorem and
the resulting diversity and multiplexing tradeoff curve
is plotted in Fig. 3.

7��� denotes the smallest integer bigger than or equal to �.
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Fig. 3. Diversity and multiplexing tradeoff of spatial multiplexing systems with
CSI-T (uniform rate allocation).

Theorem 2: Consider a spatial multiplexing MIMO system
with CSI-T (see Assumptions 1 and 2) and consider that the
power allocation among the active substreams is either given
by the capacity-achieving waterfilling in (23) or satisfies the
condition in (38). The diversity and multiplexing tradeoff

achievable with a uniform rate allocation policy in an
uncorrelated Rayleigh flat fading MIMO channel is
given by the piecewise-linear function connecting the points

and , where

for (51)

with and denoting the
values of at which the number of active substreams is increased
from to .

Proof: Assuming a uniform rate allocation among the
active eigenchannels, the SNR exponent of the th substream is
equal to

(52)

where . Since it holds that
for , the global performance of the

spatial multiplexing scheme with active channel eigenmodes
is dictated by the individual performance of the th substream.
Hence, for a given multiplexing gain , we can maximize the
diversity gain by optimizing the number of active substreams

, i.e.

(53)

and the global diversity and multiplexing tradeoff is
given by the supremum of the individual tradeoff curves,

, i.e.,

(54)

Clearly, the resulting tradeoff curve is a piecewise-linear func-
tion connecting the points , defined as the values of at
which the optimum number of active substreams is increased
from to , i.e., the discontinuity points of . Forcing

(55)

it follows that

(56)

and, finally, substituting (56) in (52), we obtain the corre-
sponding diversity gains

(57)

which completes the proof.

B. Diversity and Multiplexing Tradeoff With Optimal Rate
Allocation

The derivation of the fundamental tradeoff of spatial multi-
plexing systems with CSI-T requires maximizing the minimum
SNR exponent not only over the number of active channel eigen-
modes, , but also over the rate allocation policy among the
established substreams, , i.e.

(58)

subject to (59)

(60)

(61)

This problem is implicitly solved in the following theorem and
the resulting diversity and multiplexing tradeoff curve is
plotted in Fig. 4.

Theorem 3: Consider a spatial multiplexing MIMO system
with CSI-T (see Assumptions 1 and 2) and consider that
the power allocation among the active substreams is either
given by the capacity-achieving waterfilling in (23) or satisfies
the condition in (38). The fundamental diversity and multi-
plexing tradeoff in an uncorrelated Rayleigh flat fading

MIMO channel is given by the piecewise-linear
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Fig. 4. Diversity and multiplexing tradeoff of spatial multiplexing systems with
CSI-T (optimum rate allocation).

function connecting the points , and
, where

for (62)

with and denoting the
values of at which the number of active substreams is increased
from to . The fundamental diversity and multiplexing
tradeoff is achievable if and only if the rate is allocated among
the optimum number of active substreams as

(63)
Proof: The constrained optimization problem in (58) is

equivalent to first imposing a rate allocation that assures the
same SNR exponent for the active substreams, i.e.

(64)

and, then, maximizing the resulting SNR exponent over
subject to the constraint in (59), i.e.

(65)

(66)

From (64), we obtain the individual rates that force all active
substreams to have the same SNR exponent

(67)

and, combining (67) and (60), it follows that

(68)

Then, the fundamental diversity and multiplexing tradeoff
is given by the supremum of the individual curves,

. As in Theorem 2, the resulting
tradeoff curve is a piecewise-linear function connecting the
points , defined as the values of at which the optimum
number of active substreams is increased from to ,
i.e., the discontinuity points of . Forcing

(69)

it follows that

(70)

and, substituting (70) back in (68), we obtain the corresponding
diversity gains

(71)

Finally, the optimal rate allocation among substreams comes
simply from combinig (67) and (68) and this completes the
proof.

C. Achievability of the Diversity and Multiplexing Tradeoff

In the previous section we obtained the diversity and mul-
tiplexing tradeoff of spatial multiplexing systems with CSI-T
based on the individual tradeoff curves derived in Theorem
1. Thus, the diversity and multiplexing tradeoff curves pro-
vided in Theorems 2 and 3 for the uniform and the optimal
rate allocation policy, respectively, are achieved whenever the
individual tradeoffs in Theorem 1 are achieved. In addition to
the capacity-achieving spatial multiplexing scheme analyzed
in Section IV-A, we considered spatial multiplexing systems
with a general power allocation in Section IV-B and practical
linear MIMO transceivers in Section IV-B. Consequently,
the fundamental diversity and multiplexing tradeoff of spatial
multiplexing systems with CSI-T can be achieved with prac-
tical linear MIMO transceiver designs even with a channel
nondependent power allocation and using QAM constellations.

VI. ANALYSIS OF THE RESULTS

In this section, we analyze the obtained diversity and mul-
tiplexing tradeoff of spatial multiplexing systems with CSI-T
( or Assumption 1 is satisfied) with respect to the funda-
mental tradeoff of the channel and the achiev-
able tradeoffs under different assumptions when only CSI-R is
available.
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A. Tradeoff of Spatial Multiplexing With CSI-T Versus
Fundamental Tradeoff of the Channel

In this section, we compare the diversity and multiplexing
tradeoff of spatial multiplexing systems with CSI-T with re-
spect to the fundamental tradeoff offered by the channel for

as illustrated in Figs. 3 and 4 for the uni-
form and the optimum rate allocation policies, respectively. It
can be observed that, for a given diversity gain, spatial multi-
plexing schemes suffer from a degradation with respect to the
diversity and multiplexing limits of the channel, due to the lack
of coding between substreams (see Assumption 2). In fact, the
established substreams are coded independently and transmitted
through the strongest channel eigenmodes and, hence, the
outage event must be understood under the perspective of the
individual eigenmodes, since spatial multiplexing systems ex-
periences an outage whenever at least one of the established
substreams is in outage.

For instance, let us consider the fundamental tradeoff of the
channel and the fundamental tradeoff of spatial multiplexing
systems with CSI-T (see Fig. 4) and let us focus on values of

close to , such that only the first linear part of both curves is
taken into consideration. This requires in the funda-
mental tradeoff of the channel and
in the spatial multiplexing case (see Fig. 5). In this region, the
tradeoff exponent of the spatial multiplexing system, , is
derived evaluating the probability of outage for the transmission
along the eigenmode associated with the maximum eigenvalue
of , denoted by . More exactly, applying Theorem 1 and
noting that for only one substream is
used, it follows that and

(72)

On the other hand, the fundamental tradeoff curve is obtained
evaluating the dominant term of the SNR exponent of the outage
probability, which in the interval can be expressed
as [9]

(73)

where .
Comparing expressions (72) and (73), it is now apparent that the
probability of outage of the strongest eigenmode is higher than
the dominant outage event probability of the MIMO channel,
which in addition requires all other eigenmodes

to be fully ineffective. A similar argument can be used in dif-
ferent regions of the tradeoff curve (see Fig. 4) and this explains
the diversity and multiplexing loss.

This performance degradation can be characterized more ex-
actly by defining the spatial multiplexing loss as

(74)

Fig. 5. Diversity and multiplexing tradeoff of the channel and of spatial multi-
plexing systems with CSI-T (low spatial multiplexing regime).

where is the spatial multiplexing gain for which the
spatial multiplexing system achieves a diversity gain of

. Using Theorems 2 and 3, we obtain

(75)

for the uniform rate allocation and

(76)

for the optimum rate allocation. Observe that in (75) the multi-
plexing loss is dominated by times the inverse of the max-
imum diversity of the worst active eigenmode, ,
whereas in (76) the multiplexing loss depends on the sum of
the inverse of the maximum diversities associated the active
channel eigenmodes, . By allocating the same rate
among all substreams, the performance of the system is limited
by the performance of the th channel eigenmode, since
it is the worst active subchannel and is the first one to become in
outage. Therefore, in this case, not even the active subchannels
are fully exploited. On the contrary, by using the optimal rate
allocation, we force all active channel eigenmodes to become
in outage simultaneously or, equivalently, we transmit always
(for any given diversity) at the maximum individual rate sup-
ported by each channel eigenmode. Moreover, with the optimal
rate allocation the number of active substreams is optimal in the
sense that it coincides with the number of channel eigenmodes
which are typically not in outage (see geometrical interpretation
in [9]) and this is not always the case when using the uniform
rate allocation, where the term in (75) can further increase the
multiplexing loss. As we illustrate in the following section, how-
ever, spatial multiplexing with CSI-T often provides an advan-
tage with respect to space-only codes and spatial-multiplexing
with CSI-R only.
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Fig. 6. Comparison of the tradeoff curves of spatial multiplexing systems with
CSI-T and space-only codes with CSI-R only.

B. Tradeoff of Spatial Multiplexing With CSI-T Versus
Tradeoff of Space-Only Codes With CSI-R

In this section we focus on the tradeoff achieved by any space-
only coding scheme and CSI-R only. The fundamental
diversity and multiplexing tradeoff of space-only codes was de-
rived in [9] as given in the following lemma.

Lemma 2 ([9, Sec. IV-D]): Consider the MIMO system in (1)
with and perfect CSI-R only. The fundamental diversity
and multiplexing tradeoff in an uncorrelated Rayleigh
flat fading MIMO channel with is given by

(77)
Observe that the fundamental tradeoff of spatial multiplexing

MIMO systems with CSI-T obtained in Theorem 3 can ex-
pressed as

(78)
Clearly, it holds that as long as (see
Fig. 6). Hence, CSI-T exploitation, or more exactly, the diversity
gain increase obtained by selecting only the strongest channel
eigenmodes and optimally allocating the rate overcomes the
limitations inherent to the independent coding procedure of spa-
tial multiplexing systems. Only when and for

(79)

higher diversity gains can be achieved with space-only codes.
Intuitively, in the high multiplexing gain regime, all channel
eigenmodes are used to transmit independent data streams,
rendering CSI-T less useful. On the contrary, an arbitrary
space coding scheme can potentially benefit from coding
among different streams. This turns out to be more beneficial
than spatial multiplexing with CSI-T when , i.e., the
weakest eigenmode has diversity 1. In fact, when and

coincides with the fundamental
tradeoff of the channel .

Observe that it is false to conclude from this result that there
are circumstances under which is better to ignore the perfect
CSI-T information at the transmitter. Indeed, the comparison
is not completely fair, since space-only codes can transmit
any data vector while spatial multiplexing MIMO systems are
restricted to transmit data vectors with i.i.d. components due
to Assumption 2. This low-complexity spatial multiplexing
strategy, although capacity-achieving, is suboptimal in terms of
error probability (see e.g., [3, Ex. 1]).

C. Tradeoff of Spatial Multiplexing With CSI-T
Versus Tradeoff of V-Blast

Finally, in this section we compare the fundamental tradeoff
of spatial multiplexing systems with CSI-T and with CSI-R
only, in order to evaluate the benefits of having perfect channel
knowledge at the transmitter. Let us consider the spatial
multiplexing system with CSI-R only, in which an indepen-
dent substream is transmitted through each transmit antenna

with the same rate and the receiver uses the nulling
and canceling algorithm. This scheme is commonly known
as V-BLAST [10] and the corresponding diversity and multi-
plexing tradeoff curve is presented in the following theorem.

Theorem 4: Consider the spatial multiplexing MIMO system
with CSI-R in [10]. The fundamental diversity and multiplexing
tradeoff curve in an uncorrelated Rayleigh flat fading

MIMO channel with is given by

(80)

Proof: The diversity and multiplexing tradeoff of
V-BLAST was obtained in [9, Sec. VII-B] for the case

. Using the procedure presented in [9] along with
the high-SNR performance analysis of V-BLAST in [24], the
tradeoff curve given in Theorem 4 follows.

Using (78), it is not difficult to show that for
all values or . This result is not surprising, since the spatial mul-
tiplexing scheme with CSI-T exploits the channel information at
the transmitter to select only the best eigenmodes and perform
the optimal rate allocation among them, whereas the V-BLAST
architecture must rely blindly on all eigenchannels. In fact, for
this reason, the tradeoff curves for spatial multiplexing with
CSI-T and uniform rate allocation and for V-BLAST coincide
in the high multiplexing gain regime, i.e., when is such that

, since this particular spatial multiplexing
scheme with CSI, does not use the CSI-T information for either
dicarding substreams or allocating the target rate optimally.

VII. CONCLUSION

This paper addresses the study of the fundamental tradeoff
of MIMO systems when not only the receiver but also the
transmitter has access to the channel matrix. First we show how
the fundamental tradeoff is not altered by channel knowledge at
the transmit side, as long as the duration of the encoding blocks
satisfies . The paper then concentrates on the
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analysis of spatial multiplexing MIMO systems, a family of
transceiver schemes which has been subject to thorough study
in the literature owing to its simplicity and capacity achieving
capabilities. These systems transmit independent symbols along
the MIMO channel eigenmodes. The fundamental tradeoff of
each of these substreams was determined and allowed the
formulation of a fundamental tradeoff optimal rate allocation
strategy for linearly combining different parallel channels as
done by most of the spatial multiplexing schemes. The fact
that channel knowledge at the transmitter does not increase the
diversity versus multiplexing tradeoff of the MIMO channel
was highly predictable. However, what was not known so far,
is how much loss would simple spatial multiplexing schemes
with CSI-T incur with respect to the fundamental limits of
the channel and how much would they be able to benefit from
channel knowledge at the transmitter. Precise answer to this
two questions has been given in this paper comparing the
fundamental tradeoff of spatial multiplexing schemes with the
fundamental tradeoff of the channel, the tradeoff of space-only
codes and the one of V-BLAST.

APPENDIX A
EXPONENT OF THE INDIVIDUAL PAIRWISE ERROR PROBABILITY

In this Appendix, we derive the exponent of the bound on the
pairwise error probability of the th substream given in (32)

(81)

where denotes the probability of not transmitting
power through the th channel eigenmode with the capacity-
achieving waterfilling. Recall that is given by (see (23))

(82)

where the water level is chosen such that

(83)

Hence, , if for the water level calculated
as in (83) with , and is then given by

(84)

This probability can be upper-bounded as

(85)

Now, let us assume that substreams are transmitted with
nonzero power, such that . Then, the power
allocated to the th substream is

(86)

and the first term in (81) satifies

(87)

Finally, combining (85) and (87), it follows that

(88)

since and this completes the proof.

APPENDIX B
PROOF OF THEOREM 1

Theorem 1 presents the diversity and multiplexing tradeoff
of the the th channel eigenmode, assuming an uncorrelated
flat-fading Rayleigh channel. In Section IV, we showed that

(89)

where is the th ordered eigenvalue of . Thus, the di-
versity and multiplexing tradeoff can be obtained as

(90)

since , and the proof of Theorem 1 reduces to
obtaining the exponent8 of the marginal pdf of the th ordered
eigenvalue of , whose distribution is given in the following
lemma.

8Henceforth the exponent is defined as � � � and ��� �
�
� ��� � denotes

���
��� �

��	�
� ���

��� �

��	�
� (91)
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Lemma 3 ([25, eq. (95)]): Let the entries of the ma-
trix be i.i.d. complex Gaussian with zero mean and unit vari-
ance and let and . The joint
pdf of the ordered strictly positive eigenvalues of the complex
central Wishart distributed matrix ,
equals

(92)

where the normalizing constant is given by

(93)

The marginal pdf of the th eigenvalue, denoted by ,
is obtained from the joint distribution of the ordered eigenvalues

as

(94)

Thus, the derivation of the marginal pdf involves the integra-
tion with respect to the eigenvalues larger than and smaller
than . The difficulty lies in the fact that both groups of inte-
grals must be calculated over an ordered domain. Based on the
continuous counterpart of the Cauchy-Binet Theorem [21] the
authors of [26] showed how to transform a multiple integral over
an ordered domain with a particular structure into a determinant
of a matrix, whose elements are given by simple integrals. Due
to the importance of this result in the proof of Theorem 1, we
present it in the following lemma.

Lemma 4 ([26, Corollary 2]): Given two arbitrary
matrices and with elements be
and , and an arbitrary function , the fol-
lowing identity holds:

(95)

where and is a
matrix with elements

(96)

We define the Vandermonde matrix of order in
, as the matrix with elements [27, eq.

(6.1.32)]

(97)

and whose determinant satisfies [27, eq. (6.1.33)]

(98)

Denote by the set of eigenvalues larger than , i.e.,
, and by the set of eigenvalues smaller than

, i.e., and observe that9

(99)

where , and are Vandermonde matrices of
order , and in variables , and , respectively.
Then, the pdf in (92) can be expressed as

(100)

where

(101)

(102)

9For the sake of notation we follow the common assumption that an empty
product is the unity, and that the determinant of an empty matrix equals one.
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First, we integrate the joint pdf of the ordered eigenvalues over
the domain of , defined as

, applying Lemma 4

(103)

(104)

where

(105)

Then, the marginal pdf of is obtained by integrating
over the ordered domain of , defined as

(106)

where

(107)

Expanding the determinant of , we obtain that

(108)

where the summation over is for all permu-
tations of the integers and denotes the sign of
the permutation. Now, we rewrite the product of integrals
over as a multiple integral over in the
domain as

(109)

where

(110)

The integral over can be solved applying again Lemma 4

(111)

where

(112)

Then, expanding the polynomial as

(113)

where are the unique polynomials in such that (113) is
satisfied, we have that

(114)

where . The integral in (114) has the same
structure as the upper incomplete gamma function, defined as
[28, eq. (6.5.3)]

(115)

Since we are only interested in the exponent of in ,
noting that, for

(116)

we can expand in (114) and neglect the terms with
and . Hence, it follows that

(117)
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and, therefore,

(118)

Then, the marginal pdf of satisfies

(119)

All the integrals over have the same struc-
ture as the lower incomplete gamma function defined as [28, eq.
(6.5.2)]

(120)

Noting that, for

(121)

the term with the lowest exponent of in (119) is
found for all having the lowest possible exponent. This oc-
curs for , i.e., for in the summation of
(118). Thus

(122)

and rewriting the multiple integral over as a product of
single integrals, it follows that

(123)

where we have used that and the equivalence in
(121). Then, since it holds that [29, eq. (0.121.1)]

(124)

the exponent of the marginal pdf of is given by

(125)

Finally, the marginal distribution of the th eigenvalue is ob-
tained from its marginal pdf as

(126)

and consequently the exponent of is given by

(127)

Now, returning to the equivalence presented in (90), we have
that

(128)

which completes the proof of the theorem.

APPENDIX C
PROOF OF COROLLARY 1

In this proof, we derive the exponent of the error probability
of spatial multiplexing MIMO system with a general power
allocation satisfying the condition in (38). Since this proof is
strongly based on the procedure used for the capacity-achieving
waterfilling power allocation in Section IV-A, some repetitive
parts are omitted.

The individual error probability of the th substream,
with the general power allocation described in Corol-

lary 1 can be lower-bounded by the outage probability obtained
when allocating all available power to the th substream

(129)

since due to the short-term power constraint. In ad-
dition, can be upper-bounded as (see Section IV-A)
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(130)

where we have used that the power allocation satisfies the con-
dition in (38)

(131)

Finally, combining (129) and (130), it follows that

(132)

which coincides with the exponent derived for the capacity-
achieving spatial multiplexing MIMO system in Theorem 1 and
this completes the proof.

APPENDIX D
PROOF OF PROPOSITION 1

We want to prove that power allocation in (44) satisfies the
condition in (38). Since the exponent of the error probability is
given by (see Corollary 1)

(133)

where and , we have
to show that

(134)

where is a strictly positive constant. The individual power
is maximum when the weakest substreams are discarded,
i.e., , and, thus, we can assume without loss
of generality that only substreams are transmitted with
nonzero power. Then, is given by

(135)

Observing that

(136)

since for can be
upper-bounded as

(137)

whenever . Hence, it follows that

(138)

Then, by defining , we can rewrite (138) as

(139)

where is the pdf of a product of two random variables
and is given by [30, Sec. 4.4, Th. 7]

(140)

We are interested in as and, thus, we only need to
derive the joint pdf as . Using the
same procedure as in the proof of Theorem 1 (see Appendix B),
it can be shown that10

(141)

where is a function of . Then, substituting back
this result in the expression of in (140), it follows that

(142)

where is a fixed constant in terms of . Finally, the exponent
of can be bounded as

(143)

and this completes the proof.

10We say that ���� � ������� if ���������� � as � � �.
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